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1 Introduction
“It’s also common to hear the opinion that science leads to
atheism. This is an opinion that I can’t share; I even find
it somewhat absurd.”
Walter Thirring [1]
Phase transitions are omnipresent in everyday experience: a steaming cup of hot coffee, the
formation of clouds upon a cooling of humid air, the melting of ice due to the frictional heat of
a skate blade, the little piece of chocolate in the child’s warm hand. Moreover, phase transitions
embody the most intriguing and challenging puzzles of modern physics: Though being clearly
indicated both experimentally and by computer simulations, theoretists already for decades try
to understand the confinement-deconfinement phase transition in the theory of quark matter.
Moreover, with few exceptions the whole phase diagram of quantum chromodynamics (QCD)
is to a large extent unknown, both theoretically and experimentally. Tremendous efforts are
expended on its exploration in heavy-ion collider experiment at RHIC, LHC, and the forthcoming
FAIR complex. The electroweak phase transition gives rise to the Higgs boson, which is hunted
at the two main experiments at the LHC due to its importance for our understanding of the
weak-gauge-boson masses. Likewise in condensed matter physics, many of the most exciting
challenges are related to phase transitions, often with fascinating applications of potentially high
technological relevance. In particular, the unconventional superconducting transition observed in
certain strongly-correlated electron systems so far defies any thorough theoretical explanation.
A small but particular interesting subset of all phase transitions are the continuous ones. In
the vicinity of a continuous phase transition, thermodynamic quantities and correlation functions
typically behave as power laws characterized by critical exponents. The phenomenon of universal-
ity, after which very dissimilar systems exhibit the same critical behavior with universal critical
exponents, has been one of the most fascinating observations of the twentieth century. The mi-
croscopic explanation for this phenomenon was the substantial progress of Wilson’s work on the
renormalization group (RG) [2–7] for which he was awarded the Nobel Prize in 1982. Besides
leading to a deep understanding of systems at criticality, the RG has also provided a system-
atic method for explicitly calculating critical exponents in cases where mean-field theory fails [8].
In fact, RG predictions are in phenomenal agreement with the experiments and often ahead in
precision. Phase transitions and their accompanying critical phenomena are determined by fluc-
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tuations on all scales. The RG approach is an extremely successful strategy for dealing with such
many coupled degrees of freedom; for pedagogical introductions see [9–11]. In the last decades, it
has therefore stimulated enormous progress in various fields of physics. In quantum field theory,
the RG has led to a substantial new view on the essential concept of renormalization [7]. It has
played a key role in the development of quantum chromodynamics and the discovery of asymptotic
freedom [12, 13] (Nobel Prize 2004). The RG method describes the mechanism of spontaneous
symmetry breaking [14–16] (Nobel Prize 1972 and 2008), which is of intrinsic importance both in
particle as well as condensed-matter physics. With this in mind, it is sometimes said that the RG
has nowadays achieved the status of a meta-theory, that is to say, a “theory about theories” [17].
In the present work, we apply the RG approach to critical phenomena in (2 + 1)-dimensional
relativistic fermion systems. These systems have lately been extensively investigated in a variety of
scenarios. On the one hand, they are per se rich models that were proposed to confront important
puzzles of quantum field theory and thus deserve to be studied on their own right. On the other
hand, they allow for fascinating applications to condensed-matter systems. In particular, three-
dimensional quantum electrodynamics (QED3) or the Thirring model [18] are actively discussed,
e.g., as effective theories describing different regions of the phase diagram of high-Tc cuprate
superconductors [19–24] and, recently, the electronic properties of graphene [25–31]. Especially
graphene since its first synthesis in 2004 [32,33] (Nobel Prize 2010) is being lively discussed in the
rapidly growing literature on this subject, also because it offers the appealing opportunity of a
comparatively simple experimental realization of some up to now unobserved quantum relativistic
phenomena, such as the Klein paradox [34,35] or Zitterbewegung [36–38]; for reviews, see [39–42].
However, QED3 [43–59] and the three-dimensional Thirring model [60–73] are likewise intrinsi-
cally interesting: In these models the number of fermion flavors Nf serves as a continuous control
parameter for a (possible) quantum phase transition at a critical value N crf . Several approximate
solutions of the Dyson-Schwinger equations (DSE) predict that chiral symmetry breaking (χSB) is
prohibited for arbitrary large coupling ifNf > N
cr
f [63–66]. A similar quantum critical phenomenon
has also been identified in many-flavor QCD4 [74–78], being currently under intense investigation
also because of its potential relevance for technicolor scenarios [79–82] and its implications for the
thermal phase boundary [83–87].
The search for the quantum critical point in the Thirring model has so far been rather challeng-
ing: different DSE approaches, e.g., have yielded values between N crf ' 3.24 [63] and N crf =∞ [64].
By constructing an effective potential for the chiral order parameter, up to leading order of the
1/Nf expansion N
cr
f = 2 has been found [67]. Recent extensive lattice simulations now point to
N crf ' 6.6 [72]. For physical graphene and cuprates, the number of flavors is Nf = 2, such that the
true value of N crf may be of profound importance for physical effects corresponding to chiral sym-
metry breaking in the effective (strongly-coupled) theories. In fact, a dynamically induced mass
gap in the band structure of graphene, corresponding to a semimetal-Mott insulator quantum
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phase transition, could provide extraordinary applications for graphene-based electronics, offering
a possible new candidate material to take over from Si-based technology [39, 40].
Even more than the significant quantitative discrepancies, a more detailed comparison of the
critical behavior close to N crf reported in those studies reveals our insufficient understanding of
fermionic field theories in the nonperturbative domain: Kondo [67] reports a second-order phase
transition with the usual power-law behavior as a function of the control parameter Nf . By
contrast, in the DSE studies [65, 66] an essential scaling behavior of the Kosterlitz-Thouless type
has been found, that is to say, the phase transition is of infinite order. Therea , the nature of
the transition appears to depend on whether the strong-coupling limit is taken before or after
Nf ↗ N crf . The scaling analysis on the lattice [72, 73] is consistent with a power-law behavior
corresponding to a second-order phase transition which qualitatively confirms, but quantitatively
significantly contradicts the Kondo-scenario [67].
The RG approach is per constructionem exceedingly powerful to describe systems at criti-
cality, allowing high-precision computations of the corresponding critical exponents. A promi-
nent benchmark example for field-theoretical tools is set by the 3d bosonic O(N) models, which
are probably the most simple systems exhibiting spontaneous symmetry breaking where no ex-
act solution is available. The critical exponents are known to considerable high accuracy from
high-temperature expansions, resummations of perturbation theory, various implementations of
the RG approach, Monte Carlo simulations, and experiments; see [88–91] for recent overviews.
The fermionic counterpart of the O(N) models with respect to simplicity is given by the three-
dimensional Z2-symmetric Gross-Neveu (GN) model [92] and its U(1)-symmetric generalizations
b .
From the 1/Nf expansion [96, 100–102] (together with conformal techniques [103]) and Monte
Carlo simulations [97–99, 104] the critical exponents are well known for large and intermediate
flavor number, respectively. However, while numerical simulations may become inefficient for in-
creasing flavor number Nf , the results of the 1/Nf expansion are not reliable for small Nf . The RG
approach by contrast provides a uniform framework describing both the small and the large-Nf do-
main. The critical behavior of the Z2-symmetric GN model as a function of Nf has been computed
aThis fact has been argued in Ref. [72].
bWe note that there is some ambiguity in the terminology of three-dimensional chiral fermion models in the
literature. The chiral symmetric model in four dimensions has been proposed by Nambu and Jona-Lasinio to
describe spontaneous symmetry breaking and dynamical mass generation in QCD [93,94]. There, the symmetry
group is the U(1). However, as we shall see below, in three dimension (in a reducible representation of the
Dirac algebra), there exist in fact three chiral generators. In agreement with [27, 42, 95] we therefore refer
to the 3d Nambu-Jona-Lasinio (NJL) model as the fermionic theory which is invariant under all three chiral
transformations, forming (together with the usual phase rotations) for each flavor a global U(2) symmetry, cf.
Chap. 4. As is the case in four dimensions, the symmetry groups of NJL and Thirring model then coincide.
The three-dimensional four-fermion theory invariant under only one of the three chiral transformations in this
convention is often termed chiral GN model [96–99].
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in various RG studies to high accuracy [101,105–107], agreeing well with the 1/Nf-studies for large
Nf and the lattice results for intermediate Nf . The available Monte Carlo studies [97,99,104] em-
ploy staggered lattice fermions [108, 109], which face the doubling problem [110]; without further
ado (see e.g., [71]), they are hence limited to even number of flavors. The only study we know of
which computes the critical behavior of the GN model with solely one (two-component) fermion
flavor is Ref. [106]; it employs the functional RG approach. The functional RG and associated
RG flow equations such as the Wetterich equation [111] are a versatile tool to investigate strongly-
interacting field theories in general and critical phenomena in particular. With the Wetterich
equation being an exact equation, consistent approximation schemes can be devised that allow
for a systematic nonperturbative investigation of a given system. For reviews on this very fruitful
and rapidly developing approach, see [17, 112–120]. In the context of the bosonic O(N) models,
the method has exhaustively been investigated and used with a remarkable quantitative success;
the results for critical exponents have reached an accuracy which is comparable if not superior to
that of, e.g., lattice simulations and high-order  expansions, see [89, 90] for comparisons.
We have been motivated by these developments to confront the functional RG with the puzzles
given by the 3d chiral fermion systems at criticality. The question is: What is the nature of the
χSB phase transition being controlled by either the bare coupling g (for fixed Nf ≤ N crf ) or the
number of flavors Nf (for fixed g > gcr)? What are, if applicable, the corresponding exponents
determining the critical behavior? Naively, a universal answer may not be apparent as 3d fermion
models are perturbatively nonrenormalizable. However, rather than inherent inconsistencies, this
difficulty may reflect the failure of the perturbative approach [121–124]. In fact, renormalizability
to any order in a large-Nf expansion has been shown both for the 3d GN model [60, 125, 126] as
well as the 3d Thirring [60–64], corresponding to an interacting fixed point of the RG. This has
been taken as an indication that these models can indeed be defined nonperturbatively in 3d,
providing the same amount of universality as any perturbatively renormalizable theory. In any
case, a profound understanding of the χSB phase transition in these models requires a quantitative
control of fluctuating chiral fermions in the nonperturbative domain. This is a challenging problem,
which applies well beyond our 3d models. A probably wise approach to the complicated issues
related to χSB in the standard model of particle physics or the superconducting transition in the
cuprates may be to first get a grasp of the mechanism in somewhat simpler (lower-dimensional
and higher-symmetric, resp.) systems before tackling the really painful matter. In this spirit, we
believe that quantitative predictions for the critical behavior of the 3d fermion models investigated
in this work can serve as benchmark examples, where nonperturbative techniques can prove their
validity.
The work is organized as follows: After a brief review of the functional RG approach in the
formulation of the effective average action in Chap. 2, we construct in Chap. 3 a generalization
of the chiral GN model exhibiting a UL(NL) ⊗ UR(1) symmetry. These models support a left-
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right asymmetry similar to a crucial building block of the standard model of particle physics: the
Higgs-Yukawa sector. If they undergo a phase transition to an ordered phase with broken chiral
symmetry this transition can be viewed as an analogue of the electroweak phase transition in 3d.
The corresponding critical behavior defines new universality classes, the properties of which are a
pure prediction of the system.
In Chap. 4 we turn our focus to a systematic investigation of 3d fermion theories in the maximally
symmetric case. The 3d Thirring as well as the 3d Nambu-Jona-Lasinio (NJL) model is of this
type. Universality and, more profoundly, UV completeness can, in fact, be analyzed within Wein-
berg’s scenario of asymptotic safety [127–130], in which a UV complete infinite-cutoff limit can be
taken at a potentially non-Gaußian fixed point. The resulting theories are predictive and exhibit
universality, if the number of RG relevant directions at the fixed point are finite. In Chap. 4,
we re-examine renormalizability from this viewpoint by taking a full basis of fermionic four-point
functions invariant under the 3d Thirring symmetry into account. We show that the UV fixed
point structure can indeed be mapped out, on the one hand confirming the large-Nf results, but
also revealing interesting deviations from the large-Nf asymptotics. For instance, we can identify
a non-Gaußian UV fixed point that defines a “Thirring universality class” which governs (at least
in our RG scheme) the critical behavior of both the Thirring model as well as the NJL model.
However, we show that only in the strict large-Nf limit it corresponds to a pure Thirring coupling.
In addition, we find further fixed points, which may be associated with phase transitions, e.g.,
towards a parity broken phase, corresponding to the Z2-symmetric GN universality class.
With the insight gained from the analysis of the UV structure we develop the long-range behavior
of the 3d Thirring model in Chap. 5. By including composite degrees of freedom by means of a
scale-dependent Hubbard-Stratonovich transformation we are able to investigate a competition
between different interaction channels and to identify a critical flavor number above which χSB
is prohibited. We compute the critical behavior in terms of the universal exponents ν, ηφ, β, and
γ and explicitly verify the hyperscaling relations. We also discuss the phase transition for fixed
g > gcr with Nf as control parameter, pointing to a scenario with a second-order phase transition
at N crf ' 5.1(7). Finally, we attempt to unravel the plethora of different results for the critical
behavior given in the literature and relate them to our findings. We give a summary in Chap. 6.
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The compilation of this thesis is solely due to the author. However, parts of this work have
been developed in collaboration with colleagues from the Institute of Theoretical Physics in Jena.
The results on the chiral Gross-Neveu model in Chap. 3 have been obtained in collaboration with
H. Gies, S. Rechenberger (now University of Mainz), and M. Scherer (now RWTH Aachen Uni-
versity) and have already been reported in [131–133]. The UV structure of the Thirring model
as described in Chap. 4 has been worked out together with my supervisor H. Gies; our findings
have been published in [134]. Chap. 5 contains as yet unpublished materials, which have also been
developed in collaboration with H. Gies.
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2 Functional renormalization group
approach to critical phenomena
2.1 Quantum effective action
All physical information of a field theory is stored in correlation functions which in turn can be
extracted from a generating functional
Z[J ] ≡ eW [J ] =
∫
Dϕ e−S[ϕ]+
∫
Jϕ, (2.1)
with source term
∫
Jφ ≡ ∫ ddx J(x)ϕ(x). For notational simplicity, we consider a theory of a
single scalar field ϕ. The generalization to higher-spin fields, for instance, fermionic fields or
vector fields is straightforward; see, e.g., Ref. [10]. We assume the functional integral in Eq. (2.1)
to be regularized by an UV cutoff Λ. Connected n-point correlators are obtained by suitable
differentiation of the Schwinger functional W [J ] = lnZ[J ]. E.g., the connected 2-point function
is given by
δ2W [J ]
δJ(x)δJ(y)
∣∣∣∣
J=0
= 〈ϕ(x)ϕ(y)〉 − 〈ϕ(x)〉〈ϕ(y)〉. (2.2)
A differentiable Schwinger functionalW [J ] is strictly convex, since its second derivativeW (2)(x, y) ≡
δ2W/δJ(x)δJ(y) is the kernel of a positive operator,
W (2)(x, y) = 〈(ϕ(x)− 〈ϕ(x)〉J) (ϕ(y)− 〈ϕ(y)〉J)〉J ,
∫
J(x)W (2)(x, y)J(y) > 0. (2.3)
Here we adopted the notation
〈O(ϕ)〉J =
∫ DϕO(ϕ) e−S[ϕ]+∫ Jϕ∫ Dϕ e−S[ϕ]+∫ Jϕ (2.4)
for the expectation value of the observable O(ϕ) in the presence of an external source J [135].
Typically, for systems with spontaneous symmetry breaking, the Schwinger function however has a
kink at J = 0, reflecting the degeneracy of the vacuum state. Thus, in generalW [J ] is only convex
for large arguments |J |, not necessarily for all J . The effective action Γ[φ] (generating functional
of one-particle irreducible (1PI) correlation functions) is defined as the Legendre transform of the
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Schwinger functional W [J ],
Γ[φ] = sup
J
(∫
Jφ−W [J ]
)
. (2.5)
For any given φ, the source J for which
∫
Jφ −W [J ] approaches its supremum is its conjugate
variable. φ then corresponds to the expectation value of ϕ in the presence of the conjugate
source J ,
φ(x) =
δW [J ]
δJ(x)
, (2.6)
which is unique for differentiableW [J ]. For the conjugate pair (φ, J) we find the quantum equation
of motion
J(x) =
δΓ[φ]
δφ(x)
, (2.7)
The field expectation value for vanishing source is thus given by the homogeneous field φ = φ0,
for which the effective action is minimal, Γ[φ0] ≤ Γ[φ]. For differentiable W [J ] the minimum φ0
is unique. From Eqs. (2.6)–(2.7) we infer for conjugate (J, φ)
δ2W [J ]
δJ(x)δJ(y)
=
δφ(x)
δJ(y)
,
δ2Γ[φ]
δφ(x)δφ(y)
=
δJ(x)
δφ(y)
, (2.8)
and thus ∫
ddz
δ2Γ[φ]
δφ(x)δφ(z)
δ2W [J ]
δJ(z)δJ(y)
= δ(x− y). (2.9)
Thus, at the minimum φ = φ0 the proper 2-vertex Γ
(2)|φ0 := δ2Γ/δφ2|φ0 is the inverse of the full
connected propagator G = W (2)|J=0. Analogously, proper n-vertices for n > 2 are related to
(amputated) correlation functions by
W (n)amp. = −Γ(n) + reducible terms, n > 2, (2.10)
see [10] for details.
2.2 RG flow equation
In the spirit of Wilson’s approach to the renormalization group (RG), we introduce the scale-
dependent partition function [111]
Zk[J ] = e
Wk[J ] :=
∫
Dϕ e−S[ϕ]−∆Sk[ϕ]+
∫
Jφ, (2.11)
where we added the regulator term
∆Sk[ϕ] =
∫
ddq
(2pi)d
ϕ(−q)Rk(q)ϕ(q), (2.12)
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which serves as an additional IR cutoff, ensuring that momentum modes ϕ(q) above the scale k,
i.e., for k . q ≤ Λ, are integrated out. This is indeed possible, if the regulator function Rk(q)
screens the IR modes for q  k, i.e.,
Rk(q → 0) = Ck > 0 for k > 0. (2.13)
For k → 0 we demand that all modes should be integrated out and thus
Rk→0(q) = 0. (2.14)
At the IR scale the k-dependent partition function thus exactly coincides with the usual functional
integral in Eq. (2.1), Zk→0[J ] = Z[J ]. At the UV scale k → Λ the regulator function has to satisfy
Rk→Λ(q)→∞ for Λ→∞. (2.15)
We define the effective average action Γk as the Legendre transform of Wk = lnZk with an
additional regulator term,
Γk[φ] := sup
J
(∫
Jφ−Wk[J ]
)
−∆Sk[φ], (2.16)
such that the quantum equation of motion for conjugate (J, φ) with φ = δWk/δJ receives a
regulator modification,
δΓk[φ]
δφ(x)
= J(x)−
∫
ddq
(2pi)d
eiqxRk(q)φ(q). (2.17)
Hence, the inverse of the scale-dependent full propagator Gk = W
(2)
k |J=0 is given by G−1k =
Γ
(2)
k |φ0 + Rk, with φ0 denoting the (in general scale-dependent) minimizing field configuration.
From Eq. (2.16) we can straightforwardly derive an equation for Γk,
e−Γk[φ] =
∫
Dϕ e−S[φ+ϕ]−∆Sk[ϕ]+
∫ δΓk
δφ
ϕ . (2.18)
In the UV limit k →∞ the cutoff function Rk diverges and the regulator term e−∆S[ϕ] behaves as
a delta functional ∝ δ[ϕ]. Hence, the effective average action in this limit coincides with the bare
action,
Γk→Λ[φ] = S[φ] + const. for Λ→∞. (2.19)
In the IR we have ∆Sk→0[φ] = 0 and Wk→0[J ] = W [J ] such that Γk approaches the full quantum
effective action,
Γk→0[φ] = Γ[φ], (2.20)
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taking all quantum fluctuations into account. For intermediate scales 0 < k < Λ the effective
average action includes all quantum effects of the UV modes with momentum q & k. The change
of Γk under an infinitesimal RG step from k to k− dk is governed by the Wetterich equation [111]
∂tΓk[φ, ψ, . . . ] =
1
2
STr
(
∂tRk
Γ
(2)
k [φ, ψ, . . . ] +Rk
)
, ∂t ≡ k∂k, (2.21)
where for completeness we reintroduced a possible dependence of Γk on fermionic and other higher-
spin fields ψ, . . . Again, Γ
(2)
k denotes the second functional derivative with respect to the fields.
Due to its Grassmann nature, the fermionic sector contributes to the flow with an additional
minus sign, which is taken into account by the supertrace STr :=Tr |φ,... − Tr |ψ,.... The solution
to the flow equation (2.21) provides an RG trajectory in theory space, interpolating between the
bare action Γk=Λ = S to be quantized and the full quantum action Γk=0 = Γ.
As a functional differential equation, the Wetterich equation can exactly be solved only in very
special cases; see, e.g., [136, 137]. However, various systematic approximation schemes beyond
perturbation theory are available which can be summarized under the method of truncations. One
of the most frequently employed schemes is the operator expansion. It is obtained by expanding
Γk in operators of increasing mass dimension; in particular, derivative operators. In this context,
the expansion is also referred to as derivative expansion. E.g., for a scalar field theory we obtain
up to second order
Γk[φ] =
∫
ddx
(
Uk(φ) +
1
2
Zk(φ)(∂µφ)
2 +O(∂4)
)
, (2.22)
with the scale-dependent effective potential Uk(φ) and the wave function renormalization Zk(φ).
The derivative expansion is particularly convenient for highly-symmetric systems, in which case
up to a given order only a very limited number of operators at all can occur in Γk. Another widely
used approximation scheme is given by the vertex expansion
Γk[φ] =
∞∑
n=0
1
n!
∫
ddx1 . . . d
dxn Γ
(n)
k (x1, . . . , xn)φ(x1) . . . φ(xn), (2.23)
with the scale-dependent vertex functions Γ
(n)
k , interpolating between the bare vertices of the
UV action S and the fully dressed 1PI proper vertices Γ(n). Further approximation schemes are
obtained by suitable systematic combinations of the two above. For reviews on the functional
renormalization group approach both to condensed-matter as well as high-energy physics, we refer
to the review articles in [112–120] and the textbook [17].
Due to the absence of an obvious small expansion parameter in strongly-correlated systems,
the challenge is to find a truncation which still incorporates the most relevant degrees of freedom
of a given problem. As for all nonperturbative analytical tools, it is often hard to control the
systematic error induced by the neglected contributions. On the one hand, one can study the
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quantitative influence of higher-order effects through enlargement of the truncation. This is often
a tedious task; moreover, it also does not give a rigorous upper bound on the error. On the other
hand, a rough estimate can possibly already be obtained very easily by comparing the flow in
different regularization schemes. In a full computation, all IR quantities are of course regulator
independent. However, this not necessarily remains true for the truncated flow. Thus, the amount
of dependence on the regulator function Rk may give an indication on the order of the truncation-
induced error. Let us discuss this suggestion in some more detail: Within a given order of the
expansion, different regularization schemes may lead to differently accurate results. In fact, it has
been shown [116,138–143] that there are specific classes of regulator functions, for which the error
within a truncation is minimized. For the derivative expansion, such an optimized regulator is
given by the linear cutoff, which reads for the bosonic sector
Rφ,k(q) = Zφ,kq
2rφ,k(q
2), roptφ,k(q
2) =
(
k2
q2
− 1
)
Θ(k2 − q2), (2.24)
with bosonic wave-function renormalization Zφ,k and for the fermionic sector
Rψ,k(q) = −Zψ,k/qrψ,k(q2), roptψ,k(q2) =
(√
k2
q2
− 1
)
Θ(k2 − q2), (2.25)
with fermionic wave-function renormalization Zψ,k. Here, we have used the common notation using
the regulator shape functions rk. Loosely speaking, the optimized flow within a given truncation
corresponds to the “shortest” RG trajectory in theory space. In contrast, the sharp cutoff reads
rscφ,k(q
2) = a
(
k2
q2
− 1
)
Θ(k2 − q2), (2.26)
rscψ,k(q
2) =
(√
a
(
k2
q2
− a− 1
a
)
− 1
)
Θ(k2 − q2), with a→∞. (2.27)
We demand for definiteness that the sharp-cutoff limit a→∞ is to be taken after the integration
over the internal momentum q, in agreement with [144]. For practical reasons, we have chosen
the definition of the fermionic shape function rscψ,k such that for all a ≥ 1 we have q2(1 + rscφ,k) =
q2(1 + rscψ,k)
2, in accordance with the linear cutoff. In terms of optimization, the sharp cutoff
represents the opposite of the linear cutoff: in a sense, it leads to the “longest” RG trajectory,
possibly yielding the poorest results within a given truncation. In what follows, we will therefore
think of the results obtained with the linear regulator as our most accurate ones (the “measured”
value), whereas the difference to the results obtained with the sharp regulator is thought of as very
rough estimate on the truncation error: since for a nonoptimized regulator compared to optimized
flows a higher order of the expansion is needed to achieve similar predictive power, different
regularization schemes (very loosely speaking) effectively “probe” different orders of the expansion
[145]. Of course, this identification is by no means rigorous and could turn out to be very sensitive
to the respective observable; the corresponding error estimate should therefore be interpreted
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with caution. However, studies of the derivative expansion in the context of three-dimensional
scalar field theories, where the critical behavior is known to extremely high accuracy, show indeed
that the regulator-dependence gives a good estimate on the truncation-induced error; see [89]
for a recent overview. Similar conclusions can be drawn from works on the three-dimensional
Gross-Neveu model at next-to-leading order in the derivative expansion [105,106].
Once a particular expansion of the effective action with corresponding truncation has been
fixed, the flow of the individual terms present in Γk are straightforwardly obtained by appropriate
projections of the Wetterich equation (2.21). E.g., for a scalar field theory, the flow equation for
the effective potential is given by evaluating ∂tΓk for constant fields,
∂tUk(φ) =
1
2Ωd
STr
(
∂tRk
Γ
(2)
k [φ] +Rk
)∣∣∣∣∣
φ=const.
, (2.28)
with d-dimensional space-time volume Ωd =
∫
ddx. In general, the flow equations for all couplings
can be acquired by rewriting (2.21) as
∂tΓk =
1
2
∂˜t STr ln
(
Γ
(2)
k +Rk
)
, (2.29)
where ∂˜t is defined to act only on the regulator’s t-dependence,
∂˜t :=
∫
ddq
(2pi)d
∂tRφ,k(q)
δ
δRφ,k(q)
(2.30)
We split Γ
(2)
k [φ] into a field-independent and a fluctuating part,
Γ
(2)
k [φ] = Γ
(2)
k,0 +∆Γ
(2)
k [φ], with Γ
(2)
k,0 := Γ
(2)
k [φ0] and ∆Γ
(2)
k [φ] := Γ
(2)
k [φ]− Γ(2)k [φ0], (2.31)
where φ0 denotes the field configuration which minimizes Γk. Note that the field-independent part
is the inverse of the full propagator G−1k = Γ
(2)
k,0 + Rk. In the regime of spontaneous symmetry
breaking, the minimum φ0 is in general scale-dependent and not unique. The flow equations for
the individual couplings are easily obtained by comparing the coefficients in the expansion
∂tΓk[φ] =
1
2
∂˜t STr ln
(
Γ
(2)
k,0 +Rk
)
+
1
2
∂˜t STr
[
∞∑
n=1
(−1)n+1
n
(
∆Γ
(2)
k [φ]
Γ
(2)
k,0 +Rk
)n]
, (2.32)
=
1
2
STr
(
∂tRk
Γ
(2)
k,0 +Rk
)
+
1
2
STr
[
∞∑
n=1
(−1)n
(
∆Γ
(2)
k [φ]
Γ
(2)
k,0 +Rk
)n
∂tRk
Γ
(2)
k,0 +Rk
]
. (2.33)
For a scalar field theory in the symmetric regime, the flow of the 2-vertex is given by the terms
quadratic in φ,
∂tΓ
(2)
k [φ0] = −
1
2
STr
(
∆Γ
(4)
k [φ0]
Γ
(2)
k,0 +Rk
∂tRk
Γ
(2)
k,0 +Rk
)
, (2.34)
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Γ
(4)
k
Γ
(4)
kΓ
(4)
k
Γ
(6)
k
Figure 2.1 Representation of flow equations for effective potential, 2-vertex, and 4-vertex; cf.
Eqs. (2.28), (2.34), (2.35). Inner double lines correspond to full average propagators (Γ
(2)
k,0 + Rk)
−1,
vertices represent the full vertices Γ
(n)
k , n > 2. Regulator insertions ∂tRk are depicted by red squares.
which involves the average 4-vertex Γ
(4)
k , whose flow is given by the terms quartic in φ,
∂tΓ
(4)
k [φ0] = STr
(∆Γ(4)k [φ0]
Γ
(2)
k,0 +Rk
)2
∂tRk
Γ
(2)
k,0 +Rk
− 1
2
STr
(
∆Γ
(6)
k [φ0]
Γ
(2)
k,0 +Rk
∂tRk
Γ
(2)
k,0 +Rk
)
, (2.35)
involving the 6-vertex Γ
(6)
k , and so on. In the style of perturbative Feynmans graphs, the flow
equations can be interpreted diagrammatically: The full average propagators Gk = (Γ
(2)
k,0 +Rk)
−1
correspond to double inner lines and the 1PI n-point functions Γ(n) for n > 2 are represented
graphically by n-vertices. The regulator insertion ∂tRk is depicted by a filled square. As an
example, we give in Fig. 2.1 the diagrams for the flow equations (2.28)a , (2.34), and (2.35).
All beta functions can thus be computed straightforwardly in close analogy to the perturbative
Feynman graphs by summing up all possible 1-loop diagrams and replacing the bare vertices by full
vertices Γ
(n)
k and the bare propagators by full propagators Gk. We note however that the number
of possible vertices Γ
(n)
k is in general much larger than the number of bare vertices present in the
bare action S, since during the renormalization procedure additional terms (compatible with the
symmetries) may be generated by the flow. We emphasize that in spite of the structural similarities
to the perturbative series, the resulting flow equations are fully nonperturbative, incorporating
effects of arbitrarily high loop order as well as genuinely nonperturbative effects like instantons in
QCD [112].
2.3 Critical behavior and RG scaling
Consider the field theory consisting of N scalar fields φa with effective average action of Ginzburg-
Landau-Wilson type
Γk[φ] =
∫
ddx
[
Zk
2
(∂µφ
a)(∂µφ
a) +
λ¯k
8
(
φaφa − φa0,kφa0,k
)2]
, a = 1, . . . , N, (2.36)
aThe diagrammatical representation of Eq. (2.28) involves a slight abuse of notation: here, the inner line corre-
sponds to the propagator (Γ
(2)
k + Rk)
−1 evaluated at arbitrary constant field φ, not necessarily at the mini-
mum φ0.
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exhibiting O(N) symmetry
φa 7→ Oabφb, with OacObc = δab. (2.37)
As is well known, for 2 < d ≤ 4 and above some critical initial parameters the O(N) symmetry
is spontaneously broken down to O(N − 1), corresponding to a nontrivial fixed point of the RG
transformations, known as Wilson-Fisher fixed point [146]. In the broken phase, the spectrum
of the theory contains one massive mode (in QCD we would call it the ρ-meson) and N − 1
massless Goldstone modes (the pions). The universal critical behavior of many statistical systems
is described by the O(N) models: For N = 1 the theory belongs to the Ising universality class
with discrete symmetry Z2 ≡ O(1), determining the gas-liquid transition at the critical point.
For N = 2 the theory describes the superfluid phase transition (XY models), for N = 3 the
ferromagnetic phase transition (Heisenberg models), etc.
In simple truncations, one studies the beta functions given by the flow equations of the dimen-
sionless renormalized couplings λ := Z−2k k
d−4λ¯k and κ := Zkk
2−dφa0,kφ
a
0,k/2, i.e., βi(g) := ∂tgi with
g ≡ (κ, λ). We define the scale-dependent anomalous dimension as the flow of the wave function
renormalization, η(g) := −∂t lnZk. A fixed point g∗ = (κ∗, λ∗) is given by a simultaneous zero of
all beta functions,
∀i : βi(g∗) = 0. (2.38)
Starting the RG flow below the nontrivial fixed point with g∗ 6= 0, the field expectation value in
the IR (the order parameter) remains zero, φ0,k→0 = 〈ϕ〉 = 0, whereas for a UV coupling above
the fixed point spontaneous symmetry breaking occurs with a finite order parameter 〈ϕ〉 6= 0.
The corresponding critical exponents are universal and can be related to the flow in the vicinity
of the fixed point g∗: The correlation length ξ is given by the inverse of the renormalized mass
m¯R = limk→0
√
λ¯k/Zkφ0,k,
ξ = m¯−1R = f±|δg|−ν (1 + b±|δg|ων + . . . ) , (2.39)
with δg := gΛ − g∗ measuring the distance from its critical value (“reduced temperature”). “+”
(“−”) refers to “above” (“below”) criticality. The index ν characterizes the divergence of ξ close to
the critical point, whereas ω determines the leading correction to the power-law scaling behavior.
Both exponents ν and ω are universal, while for the amplitudes this is the case only for ratios like
f+/f−. In the regime of the fixed point g
∗, the RG flow can be linearized,
∂tgi = Bi
j(gj − g∗j ) +O((g − g∗)2), with Bij :=
∂βi
∂gj
∣∣∣∣
g=g∗
. (2.40)
The Jacobian Bi
j defines the stability matrix. The associated eigenvectors vI govern the evolution
of small deviations from the fixed point according to ∂tvI = BvI = −ΘIvI , with corresponding
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eigenvalues (with additional minus sign) ΘI . The index I labels the order of the negative eigen-
values according to their real part, starting with the largest one, i.e., Θ1 > Θ2 > . . . The solution
to the linearized flow vI ∝ k−ΘI implies that positive ΘI > 0 correspond to RG relevant, i.e.,
infrared repulsive, directions and negative ΘI < 0 correspond to RG irrelevant, i.e., infrared at-
tractive, directions. In the models we consider, there is typically (for J = 0, i.e., without external
“magnetic” field) one relevant direction with Θ1 > 0 and an infinite set of irrelevant directions
with ΘI < 0, I = 2, . . . By truncating the effective action we obtain of course only a finite subset.
Let G(p; v1, v2, . . . , ) denote the full propagator in Fourier space, obtained from the flow with
initial dimensionless couplings g = g∗ +
∑
I vI at the UV scale Λ. Performing an RG step from Λ
to k = Λ/b, we can express the scaling hypothesis close to the critical point as [147–149],
G(p; v1, v2, . . . ) = Z
−1
k b
2G(bp; bΘ1v1, b
Θ2v2, . . . ), b :=
Λ
k
, (2.41)
which may be motivated by simple dimensional analysis and the field rescaling under RG trans-
formations φ→ √Zkφ. Directly at the critical point vI = 0 on the one hand, we obtain
G(p; 0, . . . ) ∝ 1
p2−η∗
. (2.42)
where we have chosen b = Λ/p and defined η∗ := η(g∗) = −∂t lnZk, such that Zk = bη∗ . In real
space the correlation function at the critical point becomes long range,
G(x; 0, . . . ) ∝ 1|x|d−2+η∗ , for |x| → ∞. (2.43)
Thus, our definition for the anomalous dimension η∗ at the fixed point coincides with the usual
definition for the critical exponent η. If for vI 6= 0 the correlation length ξ = m¯−1R is the only
relevant length scale, we expect asymptotically for large distances an exponential decay (in general
modulated by some power-law behavior)
G(x, v1, v2, . . . ) ∼ e−|x|/ξ, for |x| → ∞. (2.44)
We now fix the RG scale by requiring bΘ1 |v1| = 1, i.e.,
G(p, v1, v2, . . . ) = |v1|−(2−η∗)/Θ1G(p|v1|−1/Θ1 ; sgn v1, v2|v1|−Θ2/Θ1 , . . . ). (2.45)
The asymptotic behavior (2.44) is only possible if ξ obeys the power-law scaling
ξ = f±|δg|−1/Θ1
(
1 + b±|δg|−Θ2/Θ1 + . . .
)
. (2.46)
Comparing with the definition of the critical exponents ν and ω in Eq. (2.39), we find
ν =
1
Θ1
> 0 and ω = −Θ2 > 0. (2.47)
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The scaling of the order parameter (“magnetization”) is determined by the exponent β,
〈ϕ〉 = δW
δJ
∣∣∣∣
J=0
= φ0 ∝ δgβ(1 + . . . ), δg ≥ 0, (2.48)
with the “bare” field expectation value φ0 = limk→0 φ0,k. We suppressed the corrections to scaling
for simplicity. The susceptibility χ is given by the response of the order parameter under a change
of the external source J ,
χ =
δ2W
δJ2
∣∣∣∣
J=0
=
(
Γ(2)
∣∣
φ0
)−1
= m¯−2 ∝ |δg|−γ(1 + . . . ). (2.49)
with the “unrenormalized” mass m¯ =
√
Zm¯R = limk→0
√
λ¯kφ0,k. [150].
Provided the hyperscaling relation (2.41), together with the scaling assumption for the singular
part of the effective potential U = Γ|φ=const./Ωd,
Using(v1, v2, . . . ) = b
−dUsing(b
Θ1v1, b
Θ2v2, . . . ), (2.50)
both β and γ are uniquely determined by the anomalous dimension η and the correlation length
exponent ν,
β =
ν
2
(d− 2 + η∗), γ = ν(2− η∗). (2.51)
Furthermore, we can relate η and ν also to the critical exponents δ and α, characterizing the
scaling of magnetization 〈ϕ〉J ∝ |J |1/δ sgn J, (δg = 0) and the specific heat ∂2Γ/∂δg2|φ0 ∝ |δg|−α,
respectively,
α = 2− dν, δ = d+ 2− η
∗
d− 2 + η∗ . (2.52)
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asymmetry
We begin the main part of this work by constructing a generalization of the 3d chiral Gross-Neveu
(GN) model exhibiting a UL(NL)⊗UR(1) chiral symmetry reminiscent of the Higgs-Yukawa sector
of the standard model of particle physics. We classify all possible four-fermion interaction terms
and the corresponding discrete symmetries. For sufficiently strong correlations in a scalar parity-
conserving channel, the system can undergo a second-order phase transition to a chiral-symmetry
broken phase which can be viewed as a 3d analog of the electroweak phase transitiona . We
determine the critical behavior of this phase transition in terms of the correlation-length exponent
and the fermion and scalar anomalous dimensions as a function of the number of left-handed
fermions NL ≥ 1. This external parameter, which controls the left-right asymmetry of our models,
allow us to modulate the relative amplitude of boson and fermion fluctuations and therewith to
vary the fixed-point properties of the RG flow. This implies a variation of the critical properties
of these systems. In particular, the fixed-point potential for the bosonic order parameter can be
in the symmetric regime for small NL or in the broken regime for larger NL. The small NL regime
turns out to be particularly interesting, as the anomalous dimensions of all fields have to satisfy
a sum rule within our truncation, in order to give rise to a nontrivial fixed point in the Yukawa
coupling.
The quantitative reliability of our results for the critical properties can be checked by a reduction
of our model to a corresponding purely bosonic O(N) model, for which our method has been used
with a remarkable quantitative success [89,90,153]. Our inclusion of fermions can reliably be based
on this footing, as our models approach an O(2NL) model in the limit of large NL; this is because
the composite scalar degrees of freedom dominate the fluctuation contributions as a result of the
chiral structure. For smaller NL, our results show quantitative as well as qualitative differences to
O(N) models, as expected due to the fermionic contributions. We also discuss the dependence of
our findings on the regularization scheme, which might be thought of as rough error estimate (cf.
Sec. 4.2).
aThis chapter has partly been inspired by a recently discovered asymptotic-safety scenario for the Higgs-Yukawa
sector of the standard model, which aims at a solution of the triviality and an improvement of the hierarchy
problem of the standard-model Higgs sector [151,152].
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The resulting models and quantitative findings constitute and characterize a new set of univer-
sality classes, classified by the chiral-symmetry content. In particular, we provide for quantitative
predictions for the critical exponents for these universality classes, which have not been investi-
gated with any other method so far. We believe that these can serve as a first benchmark for
other nonperturbative methods, which are urgently needed for a study of chiral phase transitions
in strongly correlated chiral fermions.
3.1 Classical action and symmetry transformations
Let us first consider a general fermionic model in d = 2 + 1 Euclidean dimensions with local
quartic self-interaction, being invariant under chiral UL(NL) ⊗ UR(NR) transformations and sat-
isfying Osterwalder-Schrader positivity [154]. For the latter, we require invariance of the action
under generalized complex conjugation defined by ψ† := iψ¯γ3 and a simultaneous reflection of
the Euclidean time coordinate, which we choose to be x3. For a detailed discussion of our chiral
conventions, see Ref. [155,156]. The Dirac algebra
{γµ, γν} = 2δµν , (3.1)
could minimally be realized by an irreducible representation in terms of 2 × 2 matrices. As this
representation does not permit a chiral symmetry, the massless theory could not be separated
from the massive theory by an order-disorder transition. We therefore work with a 4× 4 reducible
representation of the Dirac algebra
γµ =
(
0 −iσµ
iσµ 0
)
, µ = 1, 2, 3, (3.2)
reminiscent of the chiral representation in four dimensions. Here, {σµ}µ=1,2,3 denote the standard
2 × 2 Pauli matrices. In this formulation, the Dirac fermions thus have four components. In
the light of condensed-matter applications, this is very common in three dimensions: it is in fact
the natural language of the effective theories describing the electronic interactions on graphene’s
honeycomb lattice [25–31] and in the cuprates [19–24]. There are now two other 4 × 4 matrices,
which anticommute with all γµ as well as with each other,
γ4 =
(
0 12
12 0
)
and γ5 = γ1γ2γ3γ4 =
(
12 0
0 −12
)
. (3.3)
Together with
14, γµν :=
i
2
[γµ, γν ] for µ < ν, iγµγ4, iγµγ5, γ45 := iγ4γ5, (3.4)
these 16 matrices form a complete basis of the 4× 4 Dirac algebra,
{γA}A=1,...,16 = {14, γµ, γ4, γµν , iγµγ4, iγµγ5, γ45, γ5} . (3.5)
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Now, we define chiral projectors
P
(5)
L/R
:=
1
2
(14 ± γ5) (3.6)
that allow us to decompose a Dirac fermion ψ into the left- and right-handed Weyl spinors ψL
and ψR,
ψL/R = P
(5)
L/Rψ, ψ¯L/R = ψ¯P
(5)
R/L. (3.7)
(ψ and ψ¯ are considered as independent field variables in our Euclidean formulation.) Note that
there is a certain freedom of choice of the notion of chirality here: we could have chosen just as
well P
(4)
L/R
:= (1± γ4)/2 or P (45)L/R := (1± γ45)/2 as chiral projectors. This would have led us to
different definitions of the decomposition into Weyl spinors. All these chiralities remain conserved
under Lorentz transformations since all three projectors commute with the generators of the
Lorentz transformation of the Dirac spinors, [γ5, γµν ] = [γ4, γµν ] = [γ45, γµν ] = 0. We will further
develop this issue in Chap. 4, where we investigate the theories invariant under all three chiral
transformations. In that case, the full symmetry group (including the usual phase rotations) for
each flavor is a U(2); see below.
Here, we stick to the definition given by Eq. (3.6). We consider NR right-handed and NL
left-handed fermions, where the numbers of which not necessarily coincide. We impose a chiral
UL(NL) ⊗ UR(NR) symmetry with corresponding field transformations acting independently on
the left- and right-handed parts,
UL(NL) : ψ
a
L 7→ UabL ψbL, ψ¯aL 7→ ψ¯bL(U †L)ba, UL ∈ U(NL) (3.8)
UR(NR) : ψ
a
R 7→ UabR ψbR, ψ¯aR 7→ ψ¯bR(U †R)ba, UR ∈ U(NR). (3.9)
For UabL = e
iα δab and UabR = e
−iα δab we obtain the usual UA(1) axial transformations, whereas for
UabL = e
iα δab and UabR = e
iα δab we get the UV(1) phase rotations. Thus, the symmetry group may
be written as
UL(NL)⊗ UR(NR) ∼= SUL(NL)⊗ SUR(NR)⊗ UA(1)⊗ UV(1), (3.10)
with chiral SU(NL,R) factors.
Because of the reducible representation of the Dirac algebra, there is some freedom in the
definition of the discrete transformations [63]. Charge conjugation may be implemented by either
C : ψaL/R 7→
(
ψ¯aL/RC
)T
, ψ¯aL/R 7→ −
(
C†ψaL/R
)T
, C = γ2γ5, (3.11)
or
C˜ : ψaL/R 7→
(
ψ¯aR/LC˜
)T
, ψ¯aL/R 7→ −
(
C˜†ψaR/L
)T
, C˜ = γ2γ4, (3.12)
or a unitary combination of the two of these. In contrast to the 4d case, in three dimensions
the parity transformation is commonly [157]b defined by a reflection of solely one of the spacial
bWe note that this definition is however not so common in the condensed-matter literature, where P is often
associated with an inversion of both spacial coordinates; see, for instance, Ref. [31] for a discussion on this
peculiarity. We thank D. Mesterhazy and L. von Smekal for pointing this fact out to us.
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Table 3.1 Properties of fermion bilinears under discrete transformations. For parity, the arguments
of the transformed fields are xˆ = (−x1, x2, x3). The bilinears with (L↔ R) transform analogously.
C C˜ P P˜ T T˜
ψ¯aLψ
b
R ψ¯
b
Rψ
a
L ψ¯
b
Lψ
a
R ψ¯
a
Lψ
b
R ψ¯
a
Rψ
b
L ψ¯
a
Lψ
b
R ψ¯
a
Rψ
b
L
ψ¯aLγµψ
b
L −ψ¯bLγµψaL −ψ¯bRγµψaR ψ¯aLγˆµψbL ψ¯aRγˆµψbR −ψ¯aLγµψbL −ψ¯aRγµψbR
ψ¯aLγµνψ
b
R −ψ¯bRγµνψaL −ψ¯bLγµνψaR ψ¯aLγˆµνψbR ψ¯aRγˆµνψbL −ψ¯aLγµνψbR −ψ¯aRγµνψbL
ψ¯aLγ4ψ
b
L ψ¯
b
Lγ4ψ
a
L −ψ¯bRγ4ψaR −ψ¯aLγ4ψbL ψ¯aRγ4ψbR −ψ¯aLγ4ψbL ψ¯aRγ4ψbR
ψ¯aLiγµγ4ψ
b
R ψ¯
b
Riγµγ4ψ
a
L −ψ¯bLiγµγ4ψaR −ψ¯aLiγˆµγ4ψbR ψ¯aRiγˆµγ4ψbL −ψ¯aLiγµγ4ψbR ψ¯aRiγµγ4ψbL
coordinates,(x1, x2, x3) 7→ (−x1, x2, x3) =: xˆ. The parity transformation then reads either
P : ψaL/R(x) 7→ PψaL/R(xˆ), ψ¯aL/R(x) 7→ ψ¯aL/R(xˆ)P †, P = γ1γ4, (3.13)
or
P˜ : ψaL/R(x) 7→ P˜ψaR/L(xˆ), ψ¯aL/R(x) 7→ ψ¯aR/L(xˆ)P˜ †, P˜ = γ1γ5. (3.14)
Time reversal is given by an antiunitary operator, that is to say, it includes a complex conjugation.
In Euclidean field theory however, the (generalized) complex conjugation is given by the usual
complex conjugation together with a reflection of the Euclidean time coordinate x3 [154, 155].
Therefore, time reversal in Euclidean space simply complex conjugates c-numbers without revers-
ing x3 [158]
c. The fermion fields then transform as
T : ψaL/R 7→ TψaL/R, ψ¯aL/R 7→ ψ¯aL/RT †, T = γ2γ4, (3.15)
or
T˜ : ψaL/R 7→ T˜ψaR/L, ψ¯aL/R 7→ ψ¯aR/LT˜ †, T˜ = γ2γ5. (3.16)
In order to derive the explicit transformation properties of the bilinears, it is useful to recall that
in our representation γ1 and γ3 are antisymmetric and purely imaginary, whereas γ2, γ4, and γ5
are symmetric and real. The results are listed in Table 3.1, where we have introduced
γˆµ := (−γ1, γ2, γ3)µ, (γˆ12, γˆ13, γˆ23) := (−γ12,−γ13, γ23). (3.17)
These transformation properties facilitate a discussion of possible bilinears and 4-fermi terms in
the action of our model. In addition to Lorentz invariance, we impose an invariance of our theory
under UL(NL)⊗UR(NR) chiral transformations, C charge conjugation, P parity inversion, and T
time reversal, all of which are compatible with our left-right asymmetry NL ≥ NR. The theory
then automatically is also invariant under the combined discrete transformations C˜P˜ , P˜T˜ , and
C˜T˜ , since C˜P˜ = CP , P˜T˜ = PT , and C˜T˜ = CT . (The equivalence holds up to UV(1) phase
rotations of the spinors.)
cThis is in contrast to our definition of T , T˜ in [131].
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As a consequence of our symmetry, no bilinears to zeroth order in derivatives are permitted in
the effective action. To first order, only the standard chiral kinetic terms
ψ¯aLi∂µγµψ
a
L and ψ¯
a
Ri∂µγµψ
a
R (3.18)
can appear. In particular, all possible mass terms are excluded by symmetry: ψ¯aLψ
a
R and ψ¯
a
Rψ
a
L are
not chiral symmetric, and ψ¯aLγ4ψ
a
L as well as ψ¯
a
Rγ4ψ
a
R are not invariant under P and T transforma-
tions. The same holds for terms involving γ45. On the level of 4-fermi operators, the interaction
terms must have the form(
ψ¯aLγAψ
b
L
) (
ψ¯bLγAψ
a
L
)
,
(
ψ¯aRγAψ
b
R
) (
ψ¯bRγAψ
a
R
)
, with γA ∈ {γµ, γ4}, (3.19)(
ψ¯aLγBψ
b
R
) (
ψ¯bRγBψ
a
L
)
, with γB ∈ {1, iγµγ4}, (3.20)
or, with inverse flavor structure,(
ψ¯aLγAψ
a
L
) (
ψ¯bLγAψ
b
L
)
,
(
ψ¯aRγAψ
a
R
) (
ψ¯bRγAψ
b
R
)
,
(
ψ¯aRγAψ
a
R
) (
ψ¯bLγAψ
b
L
)
. (3.21)
Terms with γA ∈ {iγµγ5, γ45} or γB ∈ {γ5, γµν} are equal to these up to a possible sign, since
ψL and ψR are eigenvectors of γ5, and γµν = −µνργργ45. Terms with γA ∈ {1, γ5, iγµγ4, γµν} or
γB ∈ {γµ, iγµγ5, γ4, γ45} are identically zero, since PRPL = PLPR = 0. Moreover, the terms in
Eq. (3.21) are not independent of the terms in Eqs. (3.19), (3.20), but are related by the Fierz
identities (cf. App. A):(
ψ¯aLγµψ
a
L
) (
ψ¯bLγµψ
b
L
)
=
1
2
(
ψ¯aLγµψ
b
L
) (
ψ¯bLγµψ
a
L
)
+
3
2
(
ψ¯aLγ4ψ
b
L
) (
ψ¯bLγ4ψ
a
L
)
, (3.22)(
ψ¯aLγ4ψ
a
L
) (
ψ¯bLγ4ψ
b
L
)
=
1
2
(
ψ¯aLγµψ
b
L
) (
ψ¯bLγµψ
a
L
)− 1
2
(
ψ¯aLγ4ψ
b
L
) (
ψ¯bLγ4ψ
a
L
)
, (3.23)(
ψ¯aRγµψ
a
R
) (
ψ¯bLγµψ
b
L
)
= −3
2
(
ψ¯aRψ
b
L
) (
ψ¯bLψ
a
R
)− 1
2
(
ψ¯aRiγµγ4ψ
b
L
) (
ψ¯bLiγµγ4ψ
a
R
)
, (3.24)(
ψ¯aRγ4ψ
a
R
) (
ψ¯bLγ4ψ
b
L
)
= −1
2
(
ψ¯aRψ
b
L
) (
ψ¯bLψ
a
R
)
+
1
2
(
ψ¯aRiγµγ4ψ
b
L
) (
ψ¯bLiγµγ4ψ
a
R
)
. (3.25)
Analogous equations hold for (L ↔ R). We thus end up with six independent 4-fermi terms
preserving UL(NL)⊗ UR(NR) and C, P , and T symmetry,(
ψ¯aLψ
b
R
) (
ψ¯bRψ
a
L
)
,
(
ψ¯aLγ4ψ
b
L
) (
ψ¯bLγ4ψ
a
L
)
,
(
ψ¯aRγ4ψ
b
R
) (
ψ¯bRγ4ψ
a
R
)
, (3.26)(
ψ¯aLiγµγ4ψ
b
R
) (
ψ¯bRiγµγ4ψ
a
L
)
,
(
ψ¯aLγµψ
b
L
) (
ψ¯bLγµψ
a
L
)
,
(
ψ¯aRγµψ
b
R
) (
ψ¯bRγµψ
a
R
)
. (3.27)
Note that the corresponding set in d = 3 + 1 dimensions would be smaller as the γ4 terms would
be constrained by a larger Lorentz symmetry.
In a (partially) bosonized language after a Hubbard-Stratonovich transformation, we encounter
six boson-fermion interactions: The first one corresponding to Eq. (3.26a) couples the fermions
to a scalar boson (scalar with respect to P parity), the second and the third (3.26b)–(3.26c) to
a pseudoscalar boson, the fourth to an axialvector boson (3.27a), and the fifth and the sixth
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(3.27b)–(3.27c) to a parity even vector boson. Further bosonic structures in the flavor-singlet
channels appear in the corresponding Fierz transforms (3.22)–(3.25).
We expect that a general model based on these interactions exhibits a rich phase structure, being
controlled by the relative strength of the various interaction channels. Aiming at an analogue of
the electroweak phase transition, we focus in this work on the P parity-conserving and Lorentz-
invariant condensation channel, parameterized in terms of the first interaction term. Moreover,
we confine ourselves to the case of NR = 1 right-handed fermion flavor and NL ≥ 1 left-handed
fermion flavors, allowing for a left-right asymmetry similar to the standard model of particle
physics (where NL = 2). The microscopic action of our model in the purely fermionic language
then reads
SχGN =
∫
d3x
[
ψ¯aLi/∂ψ
a
L + ψ¯Ri/∂ψR + g
(
ψ¯aLψR
) (
ψ¯Rψ
a
L
)]
. (3.28)
Via Hubbard-Stratonovich transformation, we obtain the equivalent Yukawa action
SYukawa =
∫
d3x
[
1
g
φa†φa + ψ¯aLi/∂ψ
a
L + ψ¯Ri/∂ψR + φ
a†ψ¯Rψ
a
L − φaψ¯aLψR
]
, (3.29)
where the complex scalar φa serves as an auxiliary field. The purely fermionic model can be
recovered by use of the algebraic equations of motion for φa and φa†,
φa = −gψ¯RψaL, φa† = gψ¯aLψR. (3.30)
Here, we can read off the transformation properties of the scalar field under the chiral symmetry,
UL(NL)⊗ UR(1) : φa 7→ UabL φbU †R, φa† 7→ URφb†(U †L)ba, (3.31)
with UL ∈ U(NL) and UR ∈ U(1). The composite scalar field φa represents an order parameter
for an order-disorder transition. As long as φa has a vanishing expectation value, the system is in
the symmetric phase with full chiral symmetry
UL(NL)⊗ UR(1) ' SUL(NL)⊗ UA(1)⊗ UV(1). (3.32)
The fermions are massless, whereas the scalars are generically massive as determined by the
symmetry-preserving effective potential for the scalars. A finite vacuum expectation value of φa
spontaneously breaks the chiral symmetry according to the pattern
SUL(NL)⊗ UA(1)→ U(NL − 1). (3.33)
In the broken phase, the spectrum consists of one massive Dirac fermion, one massive bosonic
radial mode, NL− 1 massless left-handed Weyl fermions and 2NL− 1 massless Goldstone bosons.
Near the phase transition, we expect the order-parameter fluctuations to dominate the critical
behavior of the system. Universality suggests that the degrees of freedom parameterized by the
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action (3.29) are sufficient to quantify the critical behavior of this transition, independently of the
presence of further microscopic fermionic interactions of Eqs. (3.26b), (3.26c), (3.27). Concen-
trating on the action (3.29), we observe that the purely scalar sector, i.e., the scalar mass term,
has a larger symmetry group of O(2NL)-type. It is therefore instructive to compare the critical
behavior of our fermionic model with that of a standard scalar O(2NL) model, which is known to
undergo a second-order phase transition associated with a Wilson-Fisher fixed point. Differences
in the corresponding critical behaviors can then fully be attributed to fermionic fluctuations near
the phase transition.
3.2 Partially bosonized RG flow
Integrating out fluctuations momentum shell by momentum shell near the phase transition de-
scribed above, the effective average action is expected to acquire all possible operators of mixed
scalar and fermionic nature compatible with the symmetries of the action (3.29). Here, we con-
strain the flow of this action functional to lie in the subspace of the full theory space spanned by
the following ansatz valid at an RG scale k:
Γk =
∫
x
[
ZL,kψ¯
a
Li/∂ψ
a
L + ZR,kψ¯Ri/∂ψR + Zφ,k
(
∂µφ
a†
)
(∂µφa) + Uk(φ
a†φa)
+ h¯kψ¯Rφ
a†ψaL − h¯kψ¯aLφaψR
]
. (3.34)
The fermion fields ψaL and ψR have standard kinetic terms but can pick up different wave function
renormalizations ZL,k and ZR,k. The index a runs from 1 to NL. The bosonic sector involves a
standard kinetic term with wave function renormalization Zφ,k and an effective potential Uk(ρ),
where ρ = φa†φa. All parameters in the average action are understood to be scale dependent,
indicated by the momentum-scale index k. The scale-dependence is governed by the Wetterich
equation (2.21), the solution of which provides an RG trajectory in theory space, interpolating
between the bare action to be quantized, Γk→Λ = SYukawa, and the full quantum effective action,
Γk→0 = Γ, cf. Sec. 2.2. The ansatz (3.34), in fact, represents the next-to-leading order (NLO) in a
systematic derivative expansion. (The leading-order (LO) is obtained by setting all wave function
renormalizations Zφ/L/R,k = const.) This expansion can consistently be extended to higher orders
and thus defines a legitimate and controllable nonperturbative approximation scheme. It has
indeed proved its quantitative reliability already in a number of examples involving Yukawa sectors
[105–107,159–170].
In order to fix the standard RG invariance of field rescalings, we define the renormalized fields
as
φ˜ := Z
1/2
φ,k φ, ψ˜L/R := Z
1/2
L/R,kψL/R,
˜¯ψL/R := Z
1/2
L/R,kψ¯L/R. (3.35)
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For the search for a fixed point, where the system is scale invariant, it is useful to introduce
dimensionless renormalized quantities. In order to display the dimension dependence, we perform
the analysis in d spacetime dimensions, where the dimensionless renormalized field and scalar
potential read
ρ˜ := Zφ,kk
2−dρ, u(ρ˜) := k−dUk(Z
−1
φ,kk
d−2ρ˜), (3.36)
and the dimensionless Yukawa coupling
h2 = Z−1φ,kZ
−1
L,kZ
−1
R,kk
d−4h¯2k. (3.37)
Here and in the following, we suppress the index k denoting the scale-dependence of the dimen-
sionless quantities. The presence of this scale dependence is implicitly understood. The flow of the
wave function renormalizations Zφ,k, ZL,k, and ZR,k can be expressed in terms of scale-dependent
anomalous dimensions
ηφ = −∂t lnZφ,k, ηL/R = −∂t lnZL/R,k . (3.38)
With these preliminaries, we can compute the flow of the effective potential (see Sec. 2.2)
∂tu = −du+ (d− 2 + ηφ)ρ˜u′ + 2vd
[
(2NL − 1) `(B)d0 (u′; ηφ) + `(B)d0 (u′ + 2ρ˜u′′; ηφ)
]
− 2vddγ
[
(NL − 1) `(F)d0 (0; ηL) + `(F)d0 (ρ˜h2; ηL) + `(F)d0 (ρ˜h2; ηR)
]
, (3.39)
where v−1d := 2
d+1pid/2Γ(d/2) = 8pi2 for d = 3 and dγ = 2 is the number of components of the
Weyl fermionsd . The flow involves the threshold functions `
(B/F)
0 (. . . ), which encode the details of
the regularization scheme; their definitions and explicit forms for both linear and sharp cutoff are
listed in App. B.
Whereas the flow of the Yukawa coupling is unambiguous in the symmetric regime, the Gold-
stone and radial modes can generally develop different couplings in the broken regime. Here, we
concentrate on the Goldstone-mode Yukawa coupling to the fermions, as the radial mode becomes
massive and decouples in the broken regime. In both regimes, the flow of the Yukawa coupling
can be written as
∂th
2 = (d− 4 + ηφ + 2ηψ)h2 − 8vdκu′′ `(FB)d1,1,1 (κh2, u′ + 2κu′′, u′; ηψ, ηφ)h4, (3.40)
where we introduced ηψ := (ηL + ηR)/2. Here, the scalar-potential terms have to be evaluated
on the k-dependent minimum of the potential ρ˜min ≡ κ. In the symmetric regime, we have, of
course, κ = 0. At next-to-leading order in the derivative expansion, it is important to distinguish
dBy contrast, we have chosen dγ = 4 in [131].
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between ZL,k and ZR,k as they acquire different loop contributions, see below. The flows of the
anomalous dimensions reade
ηφ =
8vddγ
d
m
(F)d
4 (κh
2; ηψ)h
2 +
8vddγ
d
κm
(F)d
2 (κh
2; ηψ)h
4 +
16vd
d
κu′′2m
(B)d
2,2 (u
′ + 2κu′′, u′; ηφ),
(3.41)
ηL =
4vd
d
[
m
(FB)d
1,2 (κh
2, u′ + 2κu′′; ηψ, ηφ) +m
(FB)d
1,2 (κh
2, u′, ηψ, ηφ)
]
h2, (3.42)
ηR =
4vd
d
[
m
(FB)d
1,2 (κh
2, u′ + 2κu′′; ηψ, ηφ) +m
(FB)d
1,2 (κh
2, u′; ηψ, ηφ)
+2(NL − 1)m(FB)d1,2 (0, u′; ηψ, ηφ)
]
h2, (3.43)
where the potential is again evaluated at ρ˜min = κ. The definitions of the threshold functions
`(B/F)d... (. . . ) can again be found in App. B.
3.3 Fixed points and critical exponents
The Wetterich equation provides us with the flow of the generalized couplings ∂tgi = βi(g1, g2, . . . )
of our truncation, where the gi correspond to Yukawa coupling, expansion coefficients of the
scalar potential, etc. In the vicinity of a fixed point g∗, defined by a simultaneous zero of all beta
functions, βi(g
∗
1, g
∗
2, ...) = 0, the flow is governed by the stability matrix Bi
j = ∂βi/∂gj|g∗ . If the
fixed point separates the disordered from an ordered phase, it is a candidate for a second-order
phase transition. The critical behavior in terms of the correlation-length-exponent ν and the
corrections-to-scaling-exponent ω then is given by
ν =
1
Θ1
and ω = −Θ2, (3.44)
where Θ1 and Θ2 denote the largest and second-largest eigenvalues of the stability matrix Bi
j, cf.
Eq. (2.47). For a fixed point with solely one RG relevant direction, both ν and ω are positive. As
long as hyperscaling is fulfilled, the full set of critical exponents can then be obtained by ν and
the anomalous dimension η∗φ = ηφ(g
∗) at the fixed point; see Eqs. (2.51)–(2.52).
In order to analyze the fixed point structure of this model, we will distinguish two different
regimes of the system, namely, the symmetric regime (SYM), where the vacuum expectation value
(VEV) of the boson field is zero, and the regime of spontaneously broken symmetry (SSB), where
it is nonzero. As boson and fermion fluctuations generically contribute with opposite sign, the
existence of a fixed point requires a balancing between both contributions together with potential
dimensional scaling terms [such as, e.g., the first term on the right-hand side of Eq. (3.40)]. We
observe that this balancing is indeed possible in both regimes, depending on the number of left-
handed fermion flavors. The origin of this flavor-number dependence is illustrated for the running
of the scalar mass term or vacuum expectation value in Fig. 3.1. Whereas the scalar loop carries
eAt this point, we like to draw attention to a missing factor 1/2 in the equations for ηL/R in our publication [131].
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λ¯2
φb
φa φa
h¯ h¯
ψaL
ψR
φa φa
Figure 3.1 Loop contributions to the RG flow of the mass or the VEV. (For simplicity, we sup-
pressed the regulator insertions ∂tRk, cf. Fig. 2.1.) The left loop involves only inner boson lines.
The vertex λ¯2 allows for a coupling between all available boson components. This implies a linear
dependence on NL for the renormalization of the boson contribution, see below. On the right panel,
we depict the corresponding fermion loop contribution. The incoming boson φa fully determines
the structure of the fermion loop and does not allow for other left-handed inner fermions than ψaL,
inhibiting an NL dependence of the algebraic weight of this loop.
a weight ∼ NL as all scalar degrees of freedom can contribute, the left-right asymmetry structure
leads to a weight ∼ O(1) for the fermion loops in Fig. 3.1. In the following, we analyze the
different regimes in detail.
The symmetric regime
From now on, we restrict our investigations to the three-dimensional case d = 3. In the symmetric
regime, we employ the following expansion of the effective potential u
u(ρ˜) =
∞∑
n=1
λn
n!
ρ˜n = m2φρ˜+
λ2
2!
ρ˜2 +
λ3
3!
ρ˜3 + . . . , (3.45)
with scalar mass m2φ ≡ λ1. The minimum is assumed to be at ρ˜min = κ = 0. This implies m2φ ≥ 0.
By expanding the flow equation for the effective potential (3.39) with respect to ρ˜ and comparing
coefficients, we obtain the beta functions for the various scalar couplings λn. As a consequence
of the one-loop structure of the Wetterich equation (2.21), for a given order n, any coupling λm
with m > n+ 1 does not contribute to the flow of λn, i.e.,
∂tλn = fn(λ1, . . . , λn+1, h
2). (3.46)
The Yukawa coupling reduces in the SYM regime to
∂th
2 = (ηφ + ηL + ηR − 1)h2, (3.47)
telling us that an interacting fixed point (h∗ 6= 0) necessarily requires the sum rule for the anoma-
lous dimensions
η∗φ + η
∗
L + η
∗
R = 1. (3.48)
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We note that while this statement holds exactly in the present truncation it may, of course,
receive corrections from higher orders. We comment further on the relevance of this sum rule in
the conclusions. For the linear cutoff, the expressions for the anomalous dimensions read
ηφ =
h2
6pi2
(5− ηL − ηR), ηL = h
2
12pi2
4− ηφ
(1 +m2φ)
2
, ηR = NL
h2
12pi2
4− ηφ
(1 +m2φ)
2
. (3.49)
Besides fulfilling the optimization criterion, the linear cutoff has the convenient property that the
corresponding loop integrals (threshold functions) can be evaluated analytically. (This is in fact
also true for the sharp cutoff.) Consequently, the present set of fixed-point equations in the SYM
regime can be solved analytically. Eliminating the anomalous dimensions in Eqs. (3.49) in terms
of the couplings h2 and m2φ yields
ηL =
h2(5h2 − 24pi2)
h4(NL + 1)− 72pi4
(
1 +m2φ
)2 , ηR = NL h2(5h2 − 24pi2)
h4(NL + 1)− 72pi4
(
1 +m2φ
)2 , (3.50)
ηφ =
4h2
[
h2(NL + 1)− 15pi2
(
1 +m2φ
)2]
h4(NL + 1)− 72pi4
(
1 +m2φ
)2 . (3.51)
These expressions can be plugged into the sum rule (3.48), resulting in a necessary condition for
the fixed-point values h∗2 and m∗2φ ,
h∗2 =
3pi2
4(NL + 1)
{
7 + 5m∗2φ
(
2 +m∗2φ
)
+ 2NL
−
√
33 +m∗2φ
(
2 +m∗2φ
) [
54 + 25m∗2φ
(
2 +m∗2φ
)]
+ 12NL + 4m∗2φ
(
2 +m∗2φ
)
NL + 4N2L
}
.
(3.52)
For another solution with a positive root, we have not been able to identify a true fixed point of
the full system by numerical means. The solution with the negative root, however, does give a
fixed point and will be analyzed in the following. In fact, as a function of m∗2φ > 0 the Yukawa
coupling h∗2(m∗2φ ) is always positive and, moreover, monotonously increasing. It ranges between
h∗2(m∗2φ = 0) =
3pi2
4
(
7 + 2NL −
√
33 + 4NL(3 +NL)
)
/(NL + 1) and h
∗2(m∗2φ = ∞) = 6pi
2
5
, which
is very convenient because it ensures that the fixed-point value h∗2 is bounded from above and
from below in a very narrow window for all m∗2φ . A true fixed point of the system requires also
a vanishing of the scalar flow equations (3.46). Together with the relation (3.52) between h∗2
and m∗2φ this leaves us with the problem of searching for a scalar fixed-point potential. This
question is familiar from scalar theories, where the Wilson-Fisher fixed point follows from an
equation similar to Eq. (3.46) (with h2 = 0). We truncate this system of fixed-point equations at
a finite order n ≤ nmax, i.e., we neglect the contributions of all higher-order couplings λn>nmax ≡ 0.
The resulting system can then be solved explicitly. We find suitable fixed-point solutions in the
symmetric regime only for NL < 2. The universal values for the anomalous dimensions at the
fixed point as well as the correlation-length exponent ν and the corrections-to-scaling exponent ω
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Table 3.2 Nonuniversal fixed-point values and universal critical exponents in the SYM regime.
Exponent δ evaluated from hyperscaling relation δ = (5 − η∗φ)/(1 + η∗φ). We depict the results
obtained for the optimized cutoff; the dependence on the regularization scheme (difference to sharp-
cutoff results) provide a rough error estimate. Fixed points corresponding to a second-order phase
transition of the system exist in this regime only for NL = 1.
NL m
∗2
φ λ
∗
2 h
∗2 ν ω η∗φ η
∗
L η
∗
R δ
1 0.213 6.82 8.54 1.21(2) 0.80(31) 0.67(4) 0.16(2) 0.16(2) 2.58(9)
can be read off from Table 3.2, together with the nonuniversal fixed-point values (for optimized
cutoff)f . For these results, we have expanded the effective potential up to 12th order in the
scalar field (i.e., nmax = 6) and have computed the corresponding stability matrix, including the
Yukawa coupling flow. Note that the fixed-point equations in the present case are technically
more involved in comparison with those of scalar models within a similar approximation, as the
insertion of the condition (3.52) introduces a much higher degree of nonlinearity. Let us emphasize
that a corresponding scalar O(2NL) model does not exhibit a fixed-point potential in the SYM
regime but only in the SSB regime. Thus, the nature of the phase transition and the corresponding
critical behavior is characteristic for our fermionic model. In particular for small NL, the fermionic
fluctuations contribute with a comparatively large weight to the critical behavior, as discussed in
Fig. 3.1.
A priori, the full truncation error introduced by the derivative expansion is very hard to de-
termine. At this stage of our investigation we therefore content ourself with a rough estimate
taken from the dependence of our results on the regularization scheme. In agreement to what has
been found in studies of other 3d bosonic [89, 90] and fermionic [105–107] models, we find that
our results for the correlation-length-exponent ν is independent of the cutoff scheme within the
percent level, whereas somewhat larger variations occur for the corrections-to-scaling exponent ω
and the anomalous dimensions ηφ and ηR/L. For quantitatively more accurate predictions of the
latter, more refined techniques, that allow for a better resolution of the momentum dependence,
are required, e.g., as suggested in [90, 153, 171]. However, the error arising from the polynomial
expansion of the effective potential can be easily obtained by studying the convergence of the
results as a function of increasing truncation order nmax = 2, . . . , 7. We find a very satisfactory
convergence with a variation among the highest-order truncations being well below the dependence
on the regularization scheme.
f For comparison with our results in [131], cf. footnotes d, e.
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The regime of spontaneous symmetry breaking
For increasing left-handed fermion number, the scalar fixed-point potential must eventually lie
in the regime of spontaneous symmetry breaking. This is already obvious from the structure
of the flow equations: For large NL, the Goldstone-like fluctuation modes dominate the flow
of the effective potential (3.39) (the NL-dependent fermionic contribution in Eq. (3.39) is field
independent and therefore does not contribute to the flow of the couplings). We thus expect that
in the Nf →∞ our UL(NL)⊗UR(1) model is in the universality class of the purely bosonic O(2NL)
model. The latter is known to exhibit a Wilson-Fisher fixed-point potential in the SSB regime
with a nonzero κ∗ > 0. For finite NL, the fixed-point properties compared to the Wilson-Fisher
fixed point of the analogous bosonic model are, of course, quantitatively modified by the presence
of fermionic fluctuations. However, its basic characteristics are left intact. Based on these simple
observations, we continue with an analysis of the fixed-point structure in the SSB regime in the
remainder of this section. In the SSB regime the effective potential u is minimal at a nonzero
κ > 0, and we expand
u(ρ˜) =
∞∑
n=2
λn
n!
(ρ˜− κ)n = λ2
2!
(ρ˜− κ)2 + λ3
3!
(ρ˜− κ)3 + . . . (3.53)
For the flow of κ, we use the fact that the first derivative of u vanishes at the minimum, u′(κ) = 0.
This implies for the beta function
0 = ∂tu
′(κ) = ∂tu
′(ρ˜)|ρ˜=κ + (∂tκ)u′′(κ) ⇒ ∂tκ = − 1
u′′(κ)
∂tu
′(ρ˜)|ρ˜=κ . (3.54)
The flow equations in the SSB regime are much more involved due to additional loop contributions
which arise from the coupling to the VEV. This higher degree of nonlinearity inhibits a simple
analytical study of the fixed-point structure at NLO in the derivative expansion. Instead, we use
an iterative method, starting at the Wilson-Fisher fixed point for the analogous O(2NL) model,
which can be obtained in our system by setting h2 ≡ 0g . Starting at this Wilson-Fisher fixed
point of the reduced scalar system, we can then obtain a fixed point of the full UL(NL) ⊗ UR(1)
system by numerical iteration. This confirms that the presence of the fermions generically shifts
the scalar fixed-point values only slightly. However, our UL(NL)⊗UR(1) system defines for finite
NL a different universality class, and so the critical exponents and the anomalous dimensions are
special to our system. Let us discuss the results for fixed-point positions and critical exponents as a
function of NL in comparison to the analogous O(2NL) model; both truncated at next-to-leading
order in the derivative expansion and 12th order in the polynomial expansion of the effective
potential.
gThis offers also the possibility of a cross check: a comparison of our O(2NL)-model results to the results which are
given in [153,172] reveals a very satisfactory precision. The remaining minor deviations can fully be attributed
to the fact that we use a simple NLO-derivative expansion truncated at λ6.
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In Fig. 3.2, we depict the fixed-point values κ∗ and h∗2 for linear cutoff as a function of NL.
Note that NL < 2 corresponds to the fixed-point scenario in the SYM regime discussed in the
previous subsection; we plot m∗2φ instead of κ
∗ for NL < 2. At the transition from the SYM to the
SSB regime the fixed-point position exhibits as a function of NL a kink. Nevertheless, the results
for our UL(NL)⊗UR(1) model (black) compared to the O(2NL) model (gray) change only slightly.
We emphasize that the fixed-point positions are nonuniversal quantities, depending on the details
of the regulator. By contrast, the values of the anomalous dimensions as shown in Fig. 3.3 are
universal (even though slight regulator dependencies are induced by our truncation). The left
panel shows η∗φ for our UL(NL)⊗UR(1) model (black) in comparison with the analogous O(2NL)
model (gray). Whereas for large NL the scalar anomalous dimension η
∗
φ approaches the O(2NL)
value, we find large differences for smaller NL. Those can directly be attributed to the fermionic
loop contributions. The fermion anomalous dimensions η∗L and η
∗
R are shown in the right panel. For
NL = 1, both anomalous dimensions coincide; this corresponds to the left-right symmetric point.
For larger NL, η
∗
R increases significantly, as the massless fermion and boson degrees of freedom
contribute to the loop diagrams with a weight ∝ NL, whereas η∗L vanishes for NL → ∞. In both
figures, we show the results for the linear (i.e., optimized) regulator (solid curve) as well as for the
sharp regulator (dashed curve). The difference (gray shaded area) might be thought of as rough
error estimate. The critical exponents ν and ω are shown in Fig. 3.4. Again, the black curves
represent the values for our chiral UL(NL) ⊗ UR(1) model for optimized (solid line) and sharp
regulator (dashed). For comparison, we depict again the exponents for the analogous O(2NL)
model (gray curve). For large NL we again find the O(2NL) exponents. However, by lowering
NL ↘ 2, we find that the critical exponent ν and ω rapidly change with NL and eventually exhibit
a discontinuity at the transition point NL ' 2, where the fixed-point effective potential changes
from the SSB to the SYM regime. We think of this strong variation as rather natural, as the
structure of the fixed-point equations changes significantly across this transition. Near this point,
we also observe a comparatively large dependence on the regulator (gray shaded area). Thus, in
contrast to what is known from the purely bosonic theories [89,153,172], in the vicinity of NL ' 2
it is much harder to predict the critical behavior of the correlation length than, for instance, the
anomalous dimension ηφ. The explicit results in the SSB regime are summarized in Tab. 3.3. In the
limit Nf →∞, the flow equations simplify considerably; in particular, the sum rule (3.48) known
from the SYM regime is fulfilled in this limit and we can again solve the fixed-point equations
analytically (last line of Tab. 3.3).
It may be worthwhile comparing our results for the left-right symmetric case (NL = NR = 1)
with those obtained in previous studies. In [96, 102], the chiral Gross-Neveu model with Nf :=
NL = NR fermion flavors and U(1)⊗U(1) symmetry has been solved up to O(1/Nf 2) of the large-
Nf expansion. To this order, the correlation-length exponent ranges from ν = 0.83 for Nf = 2
(in terms of 4-component fermions) to ν = 1 for Nf → ∞, with a maximum of ν = 1.04 at
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Figure 3.2 Nonuniversal fixed point values for optimized cutoff. Left panel: the potential mini-
mum κ∗ in SSB regime for NL ≥ 2 in our UL(NL)⊗UR(1) model (black) compared with the O(2NL)
model (gray). For NL < 2 the fixed point is in the SYM regime and we depict m
∗2
φ . The transition
near NL ' 2 also causes a kink in the NL dependence of h∗2 (right panel).
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Figure 3.3 Left: η∗φ in our UL(NL) ⊗ UR(1) model for optimized cutoff (black solid) and sharp
cutoff (black dashed). The difference (shaded area) might be thought of as rough error estimate.
The gray curve shows η∗φ for the O(2NL) model. Right: η
∗
R (upper curves) and η
∗
L (lower curves).
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Figure 3.4 Critical exponents ν and ω in the chiral UL(NL)⊗UR(1) model (black) in comparison
with those of the O(2NL) model (gray). Shaded area: rough error estimate. The rapid change of the
exponents occurs near NL ' 2, where the fixed-point potential shows a transition from the SYM to
the SSB regime.
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Table 3.3 Nonuniversal fixed-point values (optimized cutoff) and universal critical exponents in
the SSB regime. For better visibility of the large-NL behavior, the fixed-point couplings have been
multiplied by suitable factors of NL. The exponent δ is evaluated from the hyperscaling relation
δ = (5− η∗φ)/(1 + η∗φ). Error estimates from regulator dependence.
NL κ
∗/NL NLλ
∗
2 NLh
∗2 ν ω η∗φ η
∗
L η
∗
R δ
2 0.0003 8.40 12.3 0.87(8) 0.72(13) 0.46(6) 0.18(2) 0.37(9) 3.12(17)
3 0.0146 16.7 29.6 1.87(66) 0.51(9) 0.22(3) 0.16(4) 0.79(6) 3.91(13)
4 0.0220 17.0 33.6 1.35(23) 0.76(2) 0.10(1) 0.11(3) 0.93(1) 4.44(2)
5 0.0248 16.5 33.3 1.21(13) 0.84(1) 0.07(1) 0.08(2) 0.96(1) 4.60(3)
10 0.0296 15.6 31.6 1.07(4) 0.94(1) 0.03(1) 0.03(1) 0.99(1) 4.83(2)
20 0.0317 15.2 30.6 1.03(2) 0.97(1) 0.01(1) 0.02(1) 1.00(1) 4.92(1)
50 0.0330 14.9 30.0 1.01(1) 0.99(1) 0.01(1) 0.01(1) 1.00(1) 4.97(1)
100 0.0334 14.9 29.8 1.01(1) 0.99(1) 0.00(1) 0.00(1) 1.00(1) 4.98(1)
∞ 1
3pi2
3pi2
2
3pi2 1 1 0 0 1 5
Nf ' 7. While it seems appealing to conclude qualitative compatibility with the general trend
we find for NL > 1 and NR = 1, some caution is in order: It could well be that the fixed point,
which is located in SYM regime for NL = NR = 1, remains in the SYM regime for larger flavor
numbers Nf , if the symmetry remains U(1) ⊗ U(1). Then, the corresponding critical behavior
would possibly be completely unrelated to our fixed point for NL > NR = 1, located in the SSB
regime. Unfortunately, the 1/Nf expansion fails for Nf = 1 and we cannot compare to our left-right
symmetric case NL = NR = 1.
Variants of the universality classes defined by our models have also been investigated on the
lattice. In [99] the critical behavior of the U(1) ⊗ U(1) model with Nf = 4 flavors is studied to
high precision and the results agree very well with previous findings. Ref. [97] reports results on
the Nf = 2 case. The simulations give for the anomalous dimension ηφ = 0.46(11) and for the
correlation-length exponent ν = 0.88(8), well compatible with the large-Nf results cited above.
However, there is in fact some uncertainty whether the employed lattice action is a lattice version
of the 3d chiral Gross-Neveu model or rather of the 3d Thirring model. Indeed, in Refs. [69–73]
the same four-fermion action in three dimension is interpreted as the Thirring model. We further
elaborate on this peculiarity in Sec. 5.8, where we discuss the critical behavior of the 3d Thirring
model; cf. also the discussion in [97]. Here, we content ourself with just quoting the results.
Ref. [69–72] finds δ = 2.75(9) (Nf = 2), δ = 3.14(17) (Nf ' 3), and δ = 3.76(14) (Nf = 4)h .
Assuming the hyperscaling relation, we find in our U(1)⊗U(1) model δ = 2.58(9) for Nf = NL =
hWe note that the lattice symmetry breaking pattern considered in [69–72] coincides only for the case Nf = 2
with the one in [99]. We therefore cannot directly compare with the lattice results for Nf = 4 cited above.
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NR = 1, which seems to agree well with the reported general trend of δ as a function of Nf . The
recent work [73] (which considers solely Nf = 2) is particularly interesting, since for the first time
it computes the critical behavior directly in the chiral limit, i.e., with exactly massless fermions. A
finite-size scaling analysis reveals ν = 0.85(1), ηφ = 0.65(1), and ηψ = 0.37(1). All quoted lattice
studies implement staggered fermions, in which case the chiral limit is more or less easily accessible.
In three dimensions, the number of continuum four-component physical flavors is however twice
the number of staggered fermion flavors [110]; unfortunately, no lattice data is hence available
for Nf = 1 and for a detailed comparison we have to generalize our study to larger number of
right-handed fermions, in particular to the left-right symmetric case with NL = NR > 1. In fact,
the flow equations for the latter are well-known [165], but so far have not been examined in three
dimensions. This work is under way. In any case, we believe that our findings for NL > NR = 1
are on the whole consistent with the general trend given in the literature.
3.4 Conclusions
Let us summarize our results for the UL(NL) ⊗ UR(1) chiral Gross-Neveu models. We have
designed this class of models to exhibit similarities to the Higgs-Yukawa sector of the standard
model of particle physics. As a fundament of this model building, we have classified all possible
four-fermion interaction terms invariant under this chiral symmetry, and also determined the
corresponding discrete symmetries. We have identified a scalar parity-conserving channel similar
to the standard-model Higgs scalar. For sufficiently strong correlations in this channel, a second-
order phase transition into the chiral-symmetry broken phase can occur, which is a 3d analog of
the electroweak phase transition. Using the functional RG, we have computed the critical behavior
of this phase transition in terms of the correlation-length exponent ν, the corrections-to-scaling
exponent ω, and the fermion and scalar anomalous dimensions as a function of NL ≥ 1.
Whereas the standard model is defined with a fundamental Higgs scalar, we have here started
with only fundamental fermion degrees of freedom. The resulting Higgs field arises as a scalar
bi-fermionic composite upon strong fermionic correlations. Therefore, the relation between our
original fermion model and the resulting Yukawa system is similar to that between top-quark
condensation models [173–176] and the standard-model Higgs sector. From a more general RG
perspective, however, the purely fermionic models can anyway be viewed as just a special case
of the more general Yukawa models [177, 178] supplemented with nonuniversal compositeness
conditions. As long as the compositeness scale in the deep UV remains unresolved, there is no
real difference between the purely fermionic or the Yukawa-model language.
For our quantitative results, we have used a consistent and systematic expansion scheme of the
effective action in terms of a nonperturbative derivative expansion. Whereas there is an extensive
body of circumstantial evidence in the literature that this expansion is suitably adjusted to the
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relevant degrees of freedom of Yukawa systems, a practical test for convergence is problematic
in the present case. This is because the leading-order of the expansion (defined by setting all
ηφ,L,R = 0) does not support the desired fixed point. The latter becomes visible only from next-
to-leading order on, due to the structure of the Yukawa flow. This is not too surprising, as the
NLO scalar anomalous dimension and the LO Yukawa coupling flow arise from technically similar
diagrams; for instance, the correct one-loop Yukawa beta function receives contributions also from
the anomalous dimensions. In any case, a straightforward convergence test in principle requires a
NNLO calculation.
With these reservations in mind, a critical discussion of the accuracy of our NLO results can be
based on the following indirect arguments: First, the large-NL limit of our model corresponds to the
purely scalar O(N) model with N = 2NL, which exhibits the well-known Wilson-Fisher fixed-point
structure. In these models, the quantitative reliability of the derivative expansion has been verified
to a high level of significance. We conjecture that this limit also provides a reasonable estimate for
large finite values of NL. Second, the derivative expansion is based on the implicit assumption that
momentum dependencies of operators do not grow large. This includes the kinetic terms, such
that self-consistency of the derivative expansion requires that the anomalous dimensions satisfy
ηφ,L,R . 1, as is the case in our calculations. From the structure of the threshold functions, cf.
App. B, we observe that even large anomalous dimensions of order ηi ' 1 do not change the LO
flow qualitatively but contribute a correction on the 10-20% level to the potential flow. Third,
the same NLO truncation has been used in the study of critical exponents in the 3d Gross-Neveu
model [105, 106]: the resulting critical exponents are in very good quantitative agreement with
the available lattice data for Nf = 4, 12, and other methods [100, 101, 103, 104, 179, 180] even
for large anomalous dimensions. Still, we emphasize that a direct quantitative estimate of the
accuracy in our case requires a higher-order calculation. In particular, the anomalous dimensions
and subleading exponents may acquire larger corrections. In contrast to the derivative expansion,
the reliability of the polynomial expansion of the effective potential has been directly verified, and
we observe very good convergence properties in this case.
We believe that the new universality classes defined by our UL(NL) ⊗ UR(1) models can serve
as a useful testing ground for other nonperturbative studies of chiral fermions near the symmetry-
breaking phase transition. In particular, our results for the critical exponents ν and ω and the
anomalous dimension ηφ and ηL,R as summarized in Tabs. 3.2–3.3 can provide for first benchmarks
for these new universality classes.
From our classification of all fermionic interaction terms compatible with the required symme-
tries, it is clear that the Higgs-like condensation channel is not the only possible channel. Aside
from vectorlike channels, there are two further pseudoscalar channels, cf. Eq. (3.26), and fur-
ther scalar and pseudoscalar channels in the flavor-singlet Fierz transforms (3.22)–(3.22). In fact,
the present analysis is a restricted study of a particular condensation process. We expect that
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the phase diagram of the general model is much more involved and might exhibit a variety of
possible phases and corresponding transitions. This phase diagram is parameterized by up to
six independent couplings being associated with the linearly independent fermionic interactions.
The calculation of the true condensation channel for a given set of initial couplings remains a
challenging problem. As such a problem of competing order parameters is well known also in
other systems, e.g., in the Hubbard model [181–185], the present system can serve as a rich and
controllable model system.
A special feature of our model arises in the symmetric regime: here, a fixed point within our
truncation implies a sum rule for the anomalous dimensions, η∗φ + η
∗
L + η
∗
R = 1 ≡ 4− d. This sum
rule is relevant, since the underlying balancing between anomalous dimensions and dimensional
power-counting scaling can be a decisive feature of many other models as well. Most prominently,
the asymptotic-safety scenario in quantum gravity [186–194] as well as in extra-dimensional Yang-
Mills theories [195] requires similar sum rules to be satisfied. In contrast to these latter models,
the present model for NL = 1 can serve as a much simpler example for a test of this sum rule at a
fixed point. A verification of this sum rule also by other nonperturbative tools can shed light on
this important mechanism to generate RG fixed points.
This is another reason why we believe that the new universality classes defined by our mod-
els can serve as prototypes for studies of strongly-correlated chiral fermions in general and of
nonperturbative features of standard-model-like chiral symmetry breaking in particular.
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4 UV fixed-point structure of the Thirring
model
Let us now turn our focus to the maximally symmetric case, that is to say, the theories invariant
under all possible chiral transformations. In particular, the 3d Thirring as well as the 3d Nambu-
Jona-Lasinio (NJL) model is of this class. As a first step, we classify all possible four-fermi
interactions compatible with the continuous and discrete symmetries of these models and calculate
the purely fermionic RG flow using a full basis of fermionic four-point functions in the pointlike
limit. Our results show that the UV complete (asymptotically safe) Thirring model lies in a
two-dimensional coupling plane which reduces to the conventional Thirring coupling only in the
strict large-Nf limit. In addition to the Thirring universality class, which is characterized by one
relevant direction (also at finite Nf), two further interacting fixed points occur which may define
new universality classes of second-order phase transitions also involving parity-broken phases. The
Nf dependence of the Thirring fixed point sheds further light on the existence of a critical flavor
number N crf above which chiral symmetry remains unbroken for arbitrary large coupling: Our
findings suggest that the quantum phase transition at N crf does not occur because of a drastic
change of the UV fixed-point structure (with respect to Nf), but rather because of a competition
between different condensation channels in the IR. However, a definite answer will require a direct
investigation of the composite degrees of freedom. Within the functional RG, this can conveniently
be studied by means of partial or dynamical bosonization; see Chap. 5.
4.1 Symmetries of the Thirring model
The bare action for the massless Thirring model in three Euclidean space-time dimensions reads
SThirring =
∫
d3x
[
ψ¯ai/∂ψa +
g¯
2Nf
(
ψ¯aγµψ
a
)2]
. (4.1)
Let us again work with a 4× 4 reducible representation of the Dirac algebra
{γµ, γν} = 2δµν , (4.2)
such that the index a in Eq. (4.1) runs over Nf distinct flavors of four-component Dirac fermions.
We have seen in Chap. 3 that there are now two further 4× 4 matrices, which anticommute with
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all γµ as well as with each other; we will again label them γ4 and γ5,
{γµ, γ4} = {γµ, γ5} = {γ4, γ5} = 0. (4.3)
The massless Lagrangian (4.1) is invariant under the axial transformations
Uγ4(1) : ψ 7→ eiαγ4 ψ, ψ¯ 7→ ψ¯ eiαγ4 , (4.4)
Uγ5(1) : ψ 7→ eiβγ5 ψ, ψ¯ 7→ ψ¯ eiβγ5 , (4.5)
as well as the vector transformations
U1(1) : ψ 7→ eiϑ ψ, ψ¯ 7→ ψ¯ e−iϑ, (4.6)
Uγ45(1) : ψ 7→ eiϕγ45 ψ, ψ¯ 7→ ψ¯ e−iϕγ45 , (4.7)
where we have defined γ45 := iγ4γ5. For each flavor a = 1, . . . , Nf , the theory thus has a global
U(2) symmetry with the Hermitian generators
τα = 14, γ4, γ5, γ45, α = 1, . . . , 4. (4.8)
This symmetry transformations together with flavor rotations form a larger symmetry of the
classical massless Lagrangian, corresponding to the group U(2Nf) with the (2Nf)
2 generators
τα ⊗ λβ, α = 1, . . . , 4, β = 1, . . . , Nf 2. (4.9)
Here, {λ1, . . . , λNf 2−1} are the generalized Nf × Nf Gell-Mann matrices, and λNf 2 := 1Nf is the
unit matrix. The U(2Nf) symmetry can be made more obvious in terms of two-component (Weyl-
like) fermions, which are eigenvectors of the projectors P
(45)
L/R = (1± γ45)/2. In the representation
(3.2)–(3.3) the projectors reada
P
(45)
L/R =
1
2
(1± γ45) = 1
2
(
12 (−i)12
i12 12
)
, (4.10)
and we may employ the decomposition
ψa =
1√
2
(
χa + χa+Nf
i
(
χa − χa+Nf)
)
, ψ¯a =
(
χ¯a − χ¯a+Nf , (−i) (χ¯a + χ¯a+Nf)) , a = 1, . . . , Nf , (4.11)
with the definition of the Dirac adjoint χ¯ chosen such that χ† := iχ¯σ3 in agreement with ψ
† := iψ¯γ3.
In other words, we can trade the Nf flavors of four-component spinors ψ for 2Nf flavors of two-
component spinors χ. Therewith, the Thirring action (4.1) can be rewritten as
SThirring =
∫
d3x
[
χ¯ii∂µσµχ
i +
g¯
2Nf
(
χ¯iσµχ
i
)2]
, i = 1, . . . , 2Nf , (4.12)
aWe note that one could choose more adapted representations in which γ45 = diag(12,−12) and thus the Weyl
spinor χa (χa+Nf ) is simply given by the upper (lower) two components of the Dirac spinor ψa. The “graphene
representation” [26,27] is of this type.
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where we have introduced the collective index i, running over 2Nf flavors. The Weyl formula-
tion (4.12) corresponds to an irreducible representation of the Dirac algebra with gamma matrices
γµ ≡ σµ. Here, the U(2Nf) symmetry is manifest,
U(2Nf) : χ
i 7→ U ijχj χ¯i 7→ χ¯j (U †)ji , U ∈ U(2Nf). (4.13)
In the ensuing chapter 5, we will exclusively be using this two-component language. However,
the four-component formulation (4.1) shall prove instructive when it comes to discussing possi-
ble (dynamically generated) mass terms and their symmetries; throughout this chapter, we will
therefore retain both representations. We note that what is commonly labeled “chiral” symmetry
in the four-component reducible formulation is in fact just a part of the U(2Nf) flavor symmetry
in the two-component irreducible language.
In the reducible formulation, discrete transformations can be implemented in various ways, cf.
Sec. 3.1 and Ref. [63]. Let us defineb
C : ψ(x) 7→ [ψ¯(x)Cξ]T , ψ¯(x) 7→ − [C†ξψ(x)]T , (4.14)
P : ψ(x) 7→ Pζψ(xˆ), ψ¯(x) 7→ ψ¯(xˆ)P †ζ , xˆ := (−x1, x2, x3) (4.15)
T : ψ(x) 7→ Tηψ(x), ψ¯(x) 7→ ψ¯(x)T †η , (4.16)
where the 4× 4 matrices Cξ, Pζ , and Tη in the gamma matrix representation (3.2)–(3.3) are given
by
Cξ =
1
2
[(1 + ξ)γ2γ4 + i(1− ξ)γ2γ5] , (4.17)
Pζ =
1
2
[(1 + ζ)γ1γ4 + i(1− ζ)γ1γ5] , (4.18)
Tη =
1
2
[(1 + η)γ2γ4 + i(1− ξ)γ2γ5] , (4.19)
and depend on the pure phases ξ, ζ, η with |ξ| = |ζ| = |η| = 1. However, for a U(2Nf)-symmetric
theory we can choose without loss of generality ξ = ζ = η = 1, for instance. Any other definition
of the discrete transformations can then be obtained by combining C, P , and T with a suitably
chosen U(2Nf) rotation, see Eqs. (4.4)–(4.7). In other words, the distinction between the various
discrete transformations in the preceding chapter 3 becomes redundant for a U(2Nf)-symmetric
theory. We note however, that it might become important once it comes to spontaneous breaking
of one of the discrete symmetries; see below. On the classical level, the Thirring model is in any
case invariant under any definition of C, P , and T .
Let us now consider building blocks of the effective action, starting at the two-fermion level.
There are, in fact, four possible mass terms ψ¯ταψ with τα given in Eq. (4.8) and diagonal flavor
structure. (We shall suppress the flavor index as long as it is not needed.) However, the term
bNote that in contrast to [134] we define T without reversing x3, cf. Sec. 3.1.
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ψ¯(im+m′γ4)ψ transforms under ψ 7→ eiαγ4 ψ into a parity even mass term ∝ ψ¯ψ if α is chosen to
satisfy 2α = arctan(m′/m). The analogous statement holds for the mass term involving γ5. More
generally, any mass term can be transformed by a U(2Nf) rotation into
c
im¯f,χψ¯
aψa + im¯f,P ψ¯
aγ45ψ
a = im¯f,χ
(
χ¯aχa − χ¯a+Nfχa+Nf)+ im¯f,P (χ¯aχa + χ¯a+Nfχa+Nf) , (4.20)
where the right hand side holds for the irreducible representation with two-component Weyl
fermions χ, χ¯. A dynamically generated mass m¯f,χ 6= 0 spontaneously breaks the U(2Nf) symmetry
according to the pattern
U(2Nf)→ U1+γ45(Nf)⊗ U1−γ45(Nf) (4.21)
with the U(Nf) factors generated by P
(45)
L/R⊗λβ with β = 1, . . . , Nf 2, cf. Eqs. (4.9)–(4.10). However,
it leaves the discrete space-time symmetries C, P , and T intact. By contrast, a nonvanishing mass
m¯f,P does not break the U(2Nf) symmetry, since γ45 anticommutes with γ4 and γ5. However,
as can be read off from Eqs. (4.14)–(4.16), such a mass term is odd under parity inversion and
time reversal, since γ45Pζ = −Pζγ45 and (iγ45)∗ = −iγ45, respectively. Because of {γ45, Cξ} = 0
and (γ45)
T = −γ45 it is even under charge conjugation. In fact, all this is well known from the
analogous discussion in the context of QED3 [43].
A complete basis of the 4× 4 Dirac algebra can be given by the 16 matricesd
{γA}A=1,...,16 = {1, γµ, γµν , iγµγ4, iγµγ5, γ4, γ5, γ45} , (4.22)
where we have introduced the generators of the Lorentz transformation of the four-component
Dirac spinors γµν :=
i
2
[γµ, γν ]. In Eq. (4.22), we only count those matrices γµν with µ < ν. A
bilinear ψ¯γAψ is invariant under U(2Nf) transformations if and only if γA anticommutes with
the generators of Uγ4(1) and Uγ5(1) while it commutes with the generators of U1(1) and Uγ45(1).
Obviously, this is only the case for ψ¯γµψ and ψ¯γ45ψ. Imposing an invariance under U(2Nf) as well
as C, P , and T , there is thus no bilinear to zeroth derivative order. In particular, no mass term
is permitted. To first order, only the standard kinetic term
Lkin = iψ¯ /∂ψ (4.23)
can appear. Consequently, on the level of four-fermion interactions, the Thirring interaction is not
the only fermionic four-point function in the pointlike limit (i.e., with momentum independent
cNote that due to our chiral conventions a nonzero expectation value 〈ψ¯ψ〉 or 〈ψ¯γ45ψ〉 is purely imaginary [155].
dWe note that for a given representation the indicated set in Eq. (4.22) is not necessarily linearly independent.
This is, for instance, the case for the “graphene representation” [26, 27], where γµν = µνργρ. However, it can
be straightforwardly verified that the condition of linear independence is in fact fulfilled for our representation
(3.2)–(3.3).
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couplings) which is invariant under the present U(2Nf) flavor symmetry and the discrete space-
time symmetries. In fact, the possible interactions are
(V )2 :=
(
ψ¯aγµψ
a
)2
and (P )2 :=
(
ψ¯aγ45ψ
a
)2
, (4.24)
as well as the two interaction terms with nonsinglet flavor structure
(S)2 :=
(
ψ¯aψb
)2 − (ψ¯aγ4ψb)2 − (ψ¯aγ5ψb)2 + (ψ¯aγ45ψb)2 (4.25)
(A)2 :=
(
ψ¯aγµψ
b
)2
+
1
2
(
ψ¯aγµνψ
b
)2 − (ψ¯aiγµγ4ψb)2 − (ψ¯aiγµγ5ψb)2 , (4.26)
where we have defined (ψ¯aψb)2 ≡ ψ¯aψbψ¯bψa, etc. This generalizes the discussion of [27] to larger
flavor number Nf ≥ 1. With respect to Lorentz (chiral U(2Nf)) transformations these interac-
tions correspond to the vector (scalar), pseudoscalar (scalar), scalar/pseudoscalar (vector), and
axial/vector (vector) condensation channel. [Properties given in order of Eqs. (4.24)–(4.26).]
However, the four-fermi terms are not independent, but can be mapped onto each other by means
of the Fierz identities. For instance, the scalar/pseudoscalar interaction in Eq. (4.25) and the
axial/vector-type interaction in (4.26) can be written as a linear combination of the interaction
terms in (4.24),
(S)2 = −(V )2 − (P )2, (A)2 = (V )2 − 3(P )2. (4.27)
We give a derivation of the Fierz identities in App. A. Let us for a moment come back to the
irreducible representation in terms of the Weyl spinors χ and χ¯. In this formulation the four-fermi
interactions simply read
(V )2 =
(
χ¯iσµχ
i
)2
, (P )2 =
(
χ¯iχi
)2
, (4.28)
(S)2 = 2
(
χ¯iχj
)2
, (A)2 = 2
(
χ¯iσµχ
j
)2
. (4.29)
Again, we have made use of the collective indices i, j = 1, . . . , 2Nf . It is now obvious that firstly,
these interactions are invariant under U(2Nf) and secondly, there exist no further independent
invariant interactions than the four of these.
To summarize: In addition to the Thirring coupling (V )2, a second pointlike linearly independent
four-fermi coupling (P )2 satisfies the symmetries of the Thirring model. In an RG analysis, it has
to be included on the same fundamental level as the Thirring interaction.
4.2 Fermionic RG flow
As a first step, let us employ the most simple approximation of the effective action in terms of
purely fermionic degrees of freedom with pointlike interactions,
Γk[ψ¯, ψ] =
∫
d3x
{
Zψ,kψ¯
ai∂µγµψ
a +
˜¯gk
2Nf
(
ψ¯aγ45ψ
a
)2
+
g¯k
2Nf
(
ψ¯aγµψ
a
)2}
(4.30)
=
∫
d3x
{
Zχ,kχ¯
ii∂µσµχ
i +
˜¯gk
2Nf
(
χ¯iχi
)2
+
g¯k
2Nf
(
χ¯iσµχ
i
)2}
, (4.31)
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corresponding to the next-to-leading order in the derivative expansion. In addition to the inter-
action terms discussed above, we have included a wave function renormalization Zψ,k ≡ Zχ,k. All
parameters in the effective average action are understood to be scale dependent, indicated by the
momentum-scale index k. The truncation (4.30) represents a full basis of fermionic four-point
functions in the pointlike limit, which are compatible with the present chiral and discrete sym-
metries. Such a pointlike truncation can be a reasonable approximation in the chiral symmetric
regime, as has been quantitatively confirmed for the zero-temperature chiral phase transition in
many-flavor QCD4 [78].
Inserting Eq. (4.30) into the Wetterich equation (2.21), we obtain the flow equations (i.e., beta
functions) for the four-fermi couplings g¯k and ˜¯gk and the wave function renormalization Zψ,k via
suitable projections onto the associated operators. In fact, this can straightforwardly be done for
both the four-component as well as the two-component representation; of course, both approaches
yield identical beta functions. In terms of the renormalized fields ψ˜ := Z
1/2
ψ,kψk,
˜¯ψ := Z
1/2
ψ,k ψ¯k and
dimensionless renormalized couplings
g := Z−2ψ,kk
d−2g¯k, g˜ := Z
−2
ψ,kk
d−2 ˜¯gk, (4.32)
we obtain the beta functions as
∂tg˜ = (d− 2 + 2ηψ)g˜ − 4vddγ `(F)d1 (0; ηψ)
(
2Nf − 1
2Nf
g˜2 − 3
2Nf
g˜g − 1
Nf
g2
)
, (4.33)
∂tg = (d− 2 + 2ηψ)g + 4vddγ `(F)d1 (0; ηψ)
(
1
2Nf
g˜g +
2Nf + 1
6Nf
g2
)
, (4.34)
with v−1d := 2
d+1pid/2Γ(d/2) = 8pi2 for d = 3 and dγ = 4 is the number of components of the
Dirac fermions ψ, ψ¯. The definition of the threshold function `
(F)d
1 (. . . ) as well as their explicit
expressions for linear and sharp cutoff can be found in App. B. Within the present truncation of
pointlike interactions, the anomalous dimension remains
ηψ = −∂t lnZψ,k = 0. (4.35)
This is a general feature of the pointlike approximation and remains true even if one includes higher
fermion interactions ∝ (ψ¯γAψ)n with n ≥ 3. In fact, it is a direct consequence of the one-loop
structure of the Wetterich equation (cf. also Sec. 2.2): if one allows for solely fermionic degrees
of freedom any diagram contributing to Γ
(2)
k is a tadpole and therefore momentum independent;
it cannot contribute to the flow of Zψ,k. By another rescaling g 7→ g/(4vddγ`(F)d1 ) and g˜ 7→
g˜/(4vddγ`
(F)d
1 ), the multiplicative regulator dependence drops out,
∂tg˜ = g˜ − 2Nf − 1
2Nf
g˜2 +
3
2Nf
g˜g +
1
Nf
g2, (4.36)
∂tg = g +
1
2Nf
g˜g +
2Nf + 1
6Nf
g2, (4.37)
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where we have made use of Eq. (4.35) and specified to d = 3. For Nf = 1, Eqs. (4.36)–(4.37)
coincide with the result found via a perturbative RG approach in the context of interacting
electrons on the honeycomb lattice [27].
4.3 Fixed points and critical exponents
From the coupling flows, it is straightforward to analyze the fixed-point structure in order to
study possible asymptotically safe UV trajectories of the RG flow. For the present set of flow
equations, a general property of the fixed points and their critical exponents can be proven: both
beta functions are of the quadratic form
βi(gj) = gi + gkA
kl
i gl, (4.38)
with βi(gj) ≡ ∂tgi, (gi)i=1,2 ≡ (g˜, g), and matrices Akli which are symmetric in the upper indices.
Therewith, the corresponding stability matrix Bi
j = ∂βi/∂gj|g∗ at a fixed point g∗ with βi(g∗) = 0
reads
Bi
j = δi
j + 2g∗kA
kj
i . (4.39)
Hence, for every interacting fixed point g∗ 6= 0 the fixed-point vector itself is an eigenvector of B
with the critical exponent (including a minus sign) Θ = 1,
Bi
jg∗j = g
∗
i + 2g
∗
kA
kj
i g
∗
j = −g∗i . (4.40)
In the last step, we have made use of the fixed-point equation βi(g
∗) = 0. We conclude that every
fixed point besides the Gaußian fixed point g∗ = 0 has at least one relevant and thus IR repulsive
direction. Each non-Gaußian fixed point is therefore a candidate for a possible UV completion,
potentially defining an own universality class [196]. Moreover, for beta functions of the quadratic
form (4.38), the straight line through an interacting fixed point g∗ and the Gaußian fixed point
defines an RG invariant subspace of theory space: Without loss of generality we may rotate our
coordinate system such that the non-Gaußian fixed point is located on, for instance, the first axis
with g∗ = (g∗1, 0) and g
∗
1 6= 0. In this basis, the fixed-point equation β2(g∗) = 0 is satisfied, iff it is
of the form
β2(g1, g2) = g2 + 2g1A
12
2 g2 + g2A
22
2 g2 ⇔ A112 = 0. (4.41)
Consequently, once we start the flow on the first axis with g2 = 0, the coupling g2 will never
be generated during the RG procedure. The existence of an invariant subspace defined by the
non-Gaußian fixed point is in fact a feature which holds for any system with polynomial beta
functions; in particular, it remains true if one includes higher fermion interactions ∝ (ψ¯γAψ)n
with n ≥ 3. For the Gaußian fixed point g∗ = 0, the stability matrix is just the identity Bij = δij,
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Figure 4.1 Positions of RG fixed points and (ir-)relevant directions for flavor numbers Nf =
1, 2, 4, 10, 100. For Nf → ∞ the fixed points form the corners of a rectangle (gray dashed). Arrows
denote the RG flow toward the IR. In agreement with Eq. (4.40), one relevant direction of every
interacting fixed point points toward the Gaußian fixed point O.
such that the Gaußian fixed point is infrared attractive in every direction with Θ = −1, giving
rise to only trivial theories at long ranges.
For fixed gj 6=i, the beta function βi corresponds graphically to a parabola, such that we expect
for our truncation exactly 22 = 4 (possibly complex or degenerate) solutions of the fixed-point
equations. For any Nf ∈ N, we find them to be real and nondegenerate; the explicit solutions in
the basis (g˜, g) for the Gaußian fixed point O and the three non-Gaußian fixed points A,B, C are
O : (0, 0) , (4.42)
A :
(
2Nf
2Nf − 1 , 0
)
, (4.43)
B :
(
Nf
(
14−7Nf+2Nf
2+(1+2Nf)
√
16+28Nf+Nf
2
)
−5+8Nf+2Nf
2+4Nf
3 ,− 12Nf 2
4+4Nf+4Nf
2−
√
16+28Nf+Nf
2
)
, (4.44)
C :
(
Nf
(
14−7Nf+2Nf
2−(1+2Nf)
√
16+28Nf+Nf
2
)
−5+8Nf+2Nf
2+4Nf
3 ,− 12Nf 2
4+4Nf+4Nf
2+
√
16+28Nf+Nf
2
)
. (4.45)
It is straightforward (though somewhat tedious) to derive the eigenvectors and eigenvalues of the
stability matrix [and thus the critical exponents and the RG (ir-)relevant directions] analytically;
but as the general formulas may not provide much physical insight, we present the results graph-
ically: In Fig. 4.1, we plot the positions of the fixed points in theory space (spanned by the two
couplings g˜ and g) together with the corresponding eigenvectors of the stability matrix Bi
j for
various flavor numbers Nf . In Fig. 4.2, the (nontrivial) critical exponents Θ for the interacting
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Figure 4.2 Critical exponents Θ as a function of flavor number Nf for the interacting fixed points
B (left) and A, C (right). The value of the respective other critical exponent is Θ2 = 1 (B) and
Θ1 = 1 (A, C) for all Nf .
fixed points are given as a function of Nf . For any Nf , fixed point B has two RG relevant directions
with Θ1 > Θ2 = 1, whereas the interacting fixed points A and C have one relevant (Θ1 = 1) and
one irrelevant direction (Θ2 < 0). As the number of relevant directions corresponds to the number
of physical parameters to be fixed, theories emanating from A and C are fully determined, once
the initial condition for this relevant direction is fixed. In the sense of dimensional transmutation,
fixing this one parameter can be viewed as fixing a total scale for the system. Therefore, theories
belonging to these universality classes defined by A and C are fully predictive, once a global scale
is fixed. Theories emanating from B are fixed by a mass scale and one further parameter, e.g., a
dimensionless coupling ratio, whereas O does not support an interacting system at long ranges.
At this point, let us already stress that no interacting fixed point is on the pure Thirring axis
(g˜ = 0) for any finite Nf . In fact, as discussed below, we associate the Thirring universality
class with fixed point C which approaches the pure Thirring coupling only in the asymptotic limit
Nf → ∞. For any finite Nf , the renormalized UV trajectory of the Thirring model will have to
pass through the full two-dimensional coupling plane, even though the long-range physics does
depend only on one physical parameter (e.g., the value of the Thirring coupling at a certain scale).
4.4 Prospects for long-range physics
A technical means for the discussion of long-range phases are the separatrices, i.e., those RG
trajectories that interpolate between two fixed points. They subdivide the theory space into
separate flow regions, providing a classification which can potentially be related to spontaneous
symmetry breaking in the long-range limit. Let us emphasize at this point, that the purely
fermionic truncation is not sufficient for a complete discussion of long-range physics which is
expected to be dominated by composite bosonic degrees of freedom such as condensates and
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Figure 4.3 Classification of Thirring-like four-fermi theories determined by the fixed-point posi-
tions and the corresponding RG trajectories (arrows denote the flow toward the IR) for Nf = 1. Red
lines depict separatrices that interpolate between fixed points and separate different regions. The
vertical axis g˜ = 0 corresponds to models with a pure Thirring coupling. The dashed lines (g = g˜/2
and g = g˜, resp.) mark two different definitions of the 3d NJL model, see text.
excitations on top of condensates. Based on the classification given in this section, the IR regime
will be studied in detail in the subsequent chapter 5.
Let us start with a closer look at the one-flavor case Nf = 1. Differences occurring for larger Nf
will be stressed below. The separatrices subdivide the theory space into distinct sections defined by
their IR and UV behavior; in Fig. 4.3, we plot the RG flow using Eqs. (4.36)–(4.37). A classification
of RG trajectories is listed in Tab. 4.1. The IR behavior of the theories in the regions I, IIIa and
IIIb is governed by the Gaußian fixed point O. In these regions, both couplings g˜ and g are
irrelevant, leading to noninteracting theories in the IR. The regions IIa and IVa are characterized
by an irrelevant Thirring coupling g, limk→0 g = 0, but diverging pseudoscalar coupling g˜. We
thus expect that the bosonic channel (P ) ∝ ψ¯aγ45ψa becomes critical at a sufficiently large g˜,
dynamically generating a parity breaking mass term ∝ m¯f,P〈ψ¯γ45ψ〉. If so, the fixed point A
governs the spontaneous breaking of parity, potentially being associated with a second-order phase
transition. In fact, since in the two-component representation (P )2 = (ψ¯γ45ψ)
2 = (χ¯iχi)2 with
i = 1, 2, the fixed point A defines the universality class of the three-dimensional Z2-symmetric
Gross-Neveu model, the critical behavior of which is well known [99–101,103–107].
By contrast, both g˜ and g diverge in the regions IIb and IVb in the infrared limit. To interpret
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Table 4.1 Classification of all RG trajectories, cf. Fig. 4.3. Whereas the fixed-point and UV/IR
classification holds for all Nf , the IR symmetry breaking pattern determining the universality class
may change for larger Nf .
Type UV behavior IR behavior Universality class
limk→Λ(g˜, g) limk→0(g˜, g) for Nf = 1
I B O noninteracting
IIa B (∞, 0) parity breaking
IIb B C · ∞ chirality breaking
IIIa (−C) · ∞ O noninteracting
IIIb (−∞, 0) O noninteracting
IVa (−C) · ∞ (∞, 0) parity breaking
IVb (−∞, 0) C · ∞ chirality breaking
I-IIa separatrix B A interacting, symmetric
I-IIb separatrix B C interacting, symmetric
I-IIIa separatrix A O noninteracting
I-IIIb separatrix C O noninteracting
IIa-IIb separatrix B B · ∞ ?
IIa-IVa separatrix A (∞, 0) parity breaking
IIb-IVb separatrix C C · ∞ chirality breaking
IIIa-IIIb separatrix (−B) · ∞ O noninteracting
IIIa-IVa separatrix (−C) · ∞ A interacting, symmetric
IIIb-IVb separatrix (−∞, 0) C interacting, symmetric
this behavior, let us rewrite the interaction terms by means of the Fierz identities (4.27) as
g˜
2Nf
(P )2 +
g
2Nf
(V )2 =
2g − g˜
4Nf
(
ψ¯γµψ
)2
+
−g˜
4Nf
[(
ψ¯ψ
)2 − (ψ¯γ4ψ)2 − (ψ¯γ5ψ)2] , (4.46)
cf. Eqs. (4.24)–(4.26) and App. A. The interaction then simply is a linear combination of the
Thirring interaction with coupling 2g − g˜ and a Nambu-Jona-Lasinio (NJL)-type [93] interaction
with coupling −g˜. Along the straight line through O and C which may govern the IR behavior of
the trajectories IIb and IVb for Nf = 1 the NJL-type interaction in fact dominates, |g˜|/|2g− g˜| ≈
4.24  1. To illustrate this, we have also plotted in Fig. 4.3 the line of vanishing Thirring
interaction 2g − g˜ = 0 in the Fierz-transformed form (upper dashed line). This resulting NJL-
type line is fairly close to the separatrix through O and C (red line). We thus expect that at
a large coupling on this separatrix the NJL-type channel eventually becomes critical, inducing a
symmetry-broken state with mass term
m¯f,χ〈ψ¯ψ〉 6= 0.
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This is equivalent to saying that 〈ψ¯γ4ψ〉 6= 0 or 〈ψ¯γ5ψ〉 6= 0 is expected to be favored in this
state. For Nf = 1, we therefore identify the fixed point C with the critical point governing the
phase transition into the chiral symmetry-broken phase for all theories of the regions IIb and IVb,
in agreement with [27]. This is precisely the behavior which is expected in the Nf = 1 Thirring
model, hence we associate all trajectories emanating from C with UV complete fully renormalized
versions of the 3d Nf = 1 Thirring model.
This discussion may be extended to larger flavor number Nf > 1. However, the naive generaliza-
tion of the second term with coupling −g˜ in Eq. (4.46) is not invariant under U(2Nf). For Nf > 1,
the invariant NJL-type interaction is given by (S)2 = (ψ¯aψb)2−(ψ¯aγ4ψb)2−(ψ¯aγ5ψb)2+(ψ¯aγ45ψb)2
and we employ the slightly different Fierz decomposition
g˜
2Nf
(P )2 +
g
2Nf
(V )2 =
g − g˜
2Nf
(
ψ¯aγµψ
a
)2
+
−g˜
2Nf
[(
ψ¯aψb
)2 − (ψ¯aγ4ψb)2 − (ψ¯aγ5ψb)2 + (ψ¯aγ45ψb)2] , (4.47)
which for Nf → 1 does not coincide with Eq. (4.46). We illustrate the difference in Fig. 4.3, where
we have also depicted the line of vanishing Thirring interaction g − g˜ = 0 in the decomposition
(4.47) (lower dashed line). In fact, both dashed lines are in the attractive domain of fixed point
C and we therefore expect that the distinction between the two definitions of the one-flavor NJL
interaction is unimportant for the critical behavior. In Fig. 4.4, we show how the positions of
the fixed points and the separatrices behave for an increasing flavor number. For Nf → ∞
region I turns into a rectangle with the vertices (g˜, g) = (0, 0) and (1,−3), cf. also Fig. 4.1. The
Thirring fixed point C hence moves to (0,−3) and becomes a pure Thirring coupling. Thus, for
increasing Nf , the IR attractive line OC does no longer coincide with the NJL-type line (dashed
line in Fig. 4.3) but approaches the Thirring axis g˜ = 0. In fact, e.g., for Nf ' 10 the ratio of the
NJL-type versus the Thirring coupling in Eq. (4.47) along the separatrix OC is |g˜|/|g| ≈ 0.23 1.
Along this line of coupling values, we expect the flow to be dominated no longer by the NJL-type
channel but now by the vector channel (V ) ∝ ψ¯aγµψa, which agrees precisely with the dominant
bosonic degree of freedom in a large-Nf analysis [60–64]. As there is no chiral symmetry breaking
at large Nf , it is natural to expect a quantum phase transition to occur for increasing Nf while
the line OC undergoes a transition from the NJL-regime g˜ ≈ g to the large-Nf regime where
g˜ = 0. Put differently, once the number of fermion flavors is larger than a critical value N crf ,
the expected large-Nf-dominant vector channel inhibits χSB also in the limit of infinite Thirring
coupling. Unfortunately, a more quantitative picture of this quantum phase transition is difficult
to obtain in the purely fermionic language. A quantitative RG analysis requires the inclusion
of dynamical chiral (i.e., NJL-type) and vector bosonic degrees of freedom in order to study the
interplay of these competing orders as a function of Nf ; see Chap. 5.
For the remainder of this section, we shall be satisfied with a simple estimate of the transition
region. As a rough criterion, let us determine the flavor number where the separatrix OC is
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Figure 4.4 Fixed-point positions and separatrices in the (g, g˜) coupling plane as a function of
flavor number for 1 ≤ Nf ≤ 7. The horizontal slice at Nf = 1 is equivalent to Fig. 4.3. For larger Nf
the IR attractive line OC approaches the Thirring axis g˜ = 0, where the vector channel is expected
to dominate toward the IR, inhibiting chiral symmetry breaking.
half way in-between the NJL model (g˜/g = 1) on the one hand and the pure Thirring coupling
(g˜/g = 0) on the other hand. This value of Nf follows from
g˜
g
∣∣∣∣
C
≈ 1
2
(4.48)
and is given by Nf ≈ 4. We stress that this number should not be viewed as a direct estimate of
N crf , as the onset of true critical behavior can easily provide further correction factors of orderO(1).
It is instructive to compare our results with those obtained by other methods such as Monte
Carlo simulations or truncated Dyson-Schwinger equations (DSE). A variety of studies have com-
puted the modulus of the critical Thirring coupling which is necessarily required for chiral symme-
try breaking (but not sufficient beyond the critical flavor number). Two cautionary remarks are
in order: First of all, these critical couplings similarly as the fixed-point values are not universal,
such that the choice of the regularization scheme can have a strong quantitative influence on the
estimated values. Second, most other studies have defined the microscopic Thirring model exactly
on the Thirring axis g˜ = 0; in principle, the full coupling plane has to be considered such that the
critical coupling on the axis may be different (larger in modulus) from a corresponding estimate
directly at the fixed point.
To circumvent the second caveat, we also consider the coupling on the Thirring axis g˜ = 0
with an initial value of the coupling g above the separatrix which interpolates between the fixed
points B and C. Then the theory is in the region I or IIIa, depending on the sign of g, such that
the RG flow drives the couplings to the free theory at Gaußian fixed point O. Therefore, the
absolute value of the g coordinate of the intersection point of this separatrix with the Thirring
axis provides a lower bound for the absolute value of the critical coupling gcr at which the χSB
phase transition occurs, cf. Fig. 4.3. We compare this lower bound for different regulator functions
55
4 UV fixed-point structure of the Thirring model
æ
æ
æ
à
à
à
à
à
0 1 2 3 4 5 6
0.001
0.01
0.1
1
N f
1
g c
r
ΧSB
SYM
Figure 4.5 Comparison of nonuniversal critical Thirring couplings from different methods. Solid
lines display the critical couplings from this work taken as the g coordinate of the intersection point
of the separatrix BC with the Thirring axis g˜ = 0 for the sharp (gray) or the linear regulator (black).
Upper right: “bare” lattice results (purple with squares [69–72], magenta with circles [68]). Lower
left: DSE approaches (green [64], blue [65, 66]) and 1/Nf study (red [67]).
Rk with the values of the critical coupling obtained by Monte Carlo simulations [68–72], different
sequences of truncated DSE approaches [64–66], and the 1/Nf study [67]. In Fig. 4.5, we plot this
inverse coupling 1/gcr for a varying number of flavors 0 < Nf ≤ 6. In one of the Monte Carlo
studies [72], the lattice coupling g has been “renormalized” in order to ensure transversity of the
vector field propagator. In that sense we compare in Fig. 4.5 to the “bare” lattice values. For the
sharp cutoff as well as for the linear cutoff our results for 1/gcr lie above the values obtained by
DSE approaches but below the values from lattice-regularized Monte Carlo simulations. Note that
similar to the lattice and one of the DSE results, we do not observe a sharp decay of the inverse
critical coupling. This behavior would indicate a sharp growth of gcr above a certain number of
flavors, corresponding to a critical flavor number in the infinite coupling limit. Instead, we observe
a rather smooth dependence on Nf as on the lattice for Nf . 6, which is compatible with our
expectation that the quantum phase transition toward the chiral symmetric phase occurs because
of competing large-Nf degrees of freedom and not because of a change in the UV critical structure.
4.5 Conclusions
In this chapter, we have investigated 3d relativistic fermion models in a theory space defined by
chiral and a set of discrete symmetries and pointlike interactions. Even though the construction
of these models has been inspired by the uniquely fixed 2d Thirring model, the corresponding 3d
symmetries involving a reducible four-component Dirac spinor representation enlarge the minimal
coupling space and give room for a larger fixed-point structure and thus for different microscopic
realizations of such fermion models.
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We have classified all pointlike interactions satisfying the symmetry constraints and determined
their RG flow in a systematic next-to-leading order derivative expansion. The fact that leading-
order and next-to-leading order results are identical as the anomalous dimension remains zero can
be interpreted as a signature for the convergence of the expansion, as long as no further composite
channels develop a strong RG flow.
The resulting flow equations for the two independent fermionic couplings generate a fixed-point
structure of one trivial Gaußian and three interacting fixed points A, B, C which can be classified
by their critical exponents. We associate all RG trajectories emanating from the fixed point C
with fully renormalized UV complete versions of the 3d Thirring; as this fixed point has one RG
relevant direction, fixing one physical scale suffices to obtain a fully IR predictive quantum field
theory in the Thirring universality class. Moreover, our results show that the Thirring model and
the NJL model in three dimensions are in fact in the same universality class, which is governed
by the Thirring fixed point C. However, this statement ultimately only holds for our specific
regularization scheme.
Fixed point A which, incidentally, lives in an RG invariant submanifold of theory space (defined
by g = 0) is also characterized by only one RG relevant direction. From the nature of the scalar
channel associated with this coupling direction, we conjecture that this fixed point can be related
to a critical point of a second-order phase transition to a phase with broken parity, defining the
universality class of the 3d Gross-Neveu model [99–101,103–107]. The third interacting fixed point
B has two relevant directions; depending on the initial conditions, theories emanating from this
fixed point can flow to the Thirring phase as well as to the parity-broken or symmetric phases.
Unfortunately, our purely fermionic RG analysis does so far not permit us to reliably run
toward or into the symmetry-broken phases. Such a quantitative description is required in order
to analyze the true IR behavior of the Thirring phase. From the structure of the fermionic flow, in
particular, from the behavior of the separatrix OC, we conjecture that the long-range dynamics is
characterized by a competition between NJL-type chiral condensation channels on the one hand
and large-Nf-type vector bosons on the other hand. As the vector-boson fluctuations generically
inhibit chiral symmetry breaking, we expect the occurrence of a quantum phase transition of the
Thirring model at a critical flavor number N crf , separating a broken phase for small Nf from a
disordered phase for large Nf . Our very rough estimate of the transition region in any case is
compatible with the findings from lattice simulations indicating that N crf ' 6.6 [72].
Our results on the position of the Thirring fixed point C being actually away from the pure
Thirring axis g˜ = 0 for any finite Nf provokes an important comment: Both lattice simulations as
well as DSE studies build on a microscopic definition of the 3d Thirring model which is fixed only
with the Thirring coupling, i.e., by a pure bare Thirring-like action. Our fixed-point results indeed
provide a fundamental justification for this, as the Thirring fixed point indeed is characterized
by only one relevant direction. As long as the microscopic actions chosen in other formulations
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are in a sufficiently attractive domain of the Thirring fixed point, universality guarantees that
the long-range physics is indeed purely governed by the Thirring fixed point. We expect this to
hold also for the determination of the critical flavor number (there is no universality for quantities
such as the scheme-dependent critical coupling, see Fig. 4.5). Nevertheless, one caveat should be
emphasized: this conclusion about universality only holds as long as the microscopic bare actions
indeed are in the attractive domain of the Thirring fixed point. For instance, if by accident a
lattice formulation turned out to be influenced by fixed point B, the simulation would simply
describe a model different from the Thirring model potentially exhibiting a different quantum
phase transition as a function of N crf . As the fixed-point positions are not universal, our results
are unfortunately not directly transferable to the lattice theory space. However, provided that
the fixed-point structure is qualitatively similar, our results can be taken as a support for the
implicit assumption that the lattice simulations have indeed been performed in the real Thirring
universality class.
Given the importance of the quantitative value of the critical flavor number N crf of the Thirring
model in the light of condensed-matter applications, the natural next step of our studies is the
inclusion of composite degrees of freedom in order to study the competition among the various
bosonic channels. Within the functional RG, this can conveniently be investigated by means
of partial or dynamical bosonization [116, 161, 197]. As the problem of competing order is a
paradigmatic one in (quantum) critical phenomena and statistical physics [198, 199], we consider
the relativistic 3d Thirring model as an ideal test case.
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model and the critical flavor number
The discussion of the UV fixed-point structure of the Thirring model in the preceding chapter
suggests that a quantum phase transition at a critical flavor numberN crf , separating a broken phase
for small Nf from a disordered phase for large Nf , might occur due to a competition between a
NJL-type chiral condensation channel on the one hand and large-Nf-type vector bosons on the
other hand. In order to investigate this IR competition on a quantitative level, it is necessary
to allow for composite bosonic fields in the effective action. This allows to reliably investigate
the IR behavior of the Thirring universality class; in particular, to predict the values of the
universal critical exponents associated with a possible chiral symmetry breaking phase transition
as a function of Nf .
5.1 Condensation channels and Fierz basis
Consider the general fermionic Lagrangian compatible with U(2Nf) chiral as well as C, P , and T
discrete symmetry,
L = ψ¯ai/∂ψa + g¯1
2Nf
(V )2 +
g¯2
2Nf
(S)2 +
g¯3
2Nf
(P )2 +
g¯4
2Nf
(A)2, (5.1)
with the flavor singlet channels
(V )2 :=
(
ψ¯aγµψ
a
)2
, (P )2 :=
(
ψ¯aγ45ψ
a
)2
, (5.2)
and the flavor nonsinglet channels
(S)2 :=
(
ψ¯aψb
)2 − (ψ¯aγ4ψb)2 − (ψ¯aγ5ψb)2 + (ψ¯aγ45ψb)2 , (5.3)
(A)2 :=
(
ψ¯aγµψ
b
)2
+
1
2
(
ψ¯aγµνψ
b
)2 − (ψ¯aiγµγ4ψb)2 − (ψ¯aiγµγ5ψb)2 . (5.4)
By means of the Fierz identities (cf. App. A),
(V )2 + (S)2 + (P )2 = 0, −4(V )2 − 3(S)2 + (A)2 = 0, (5.5)
59
5 Long-range dynamics of the Thirring model and the critical flavor number
any two four-fermi terms can be rewritten as a linear combination of the remaining two. Put differ-
ently, by adding a linear combination of Eqs. (5.5) with coefficients αi ∈ R to the Lagrangian (5.1),
L = ψ¯ai/∂ψa + 1
2Nf
(g¯1 + α1 − 4α2)(V )2 + 1
2Nf
(g¯2 + α1 − 3α2)(S)2
+
1
2Nf
(g¯3 + α1)(P )
2 +
1
2Nf
(g¯4 + α2)(A)
2, (5.6)
the αi are redundant parameters, i.e., in a full computation of the functional integral any physical
quantity has to be independent of αi. Nonetheless, this no longer necessarily remains true once
approximations are employed. This is in particular the case for mean-field theory, where this
so-called “Fierz ambiguity” has a sizable influence on the results, limiting its quantitative relia-
bility [200]. The ambiguity is absent in the purely fermionic renormalization group equations of
Chap. 4. The RG equations in a partially bosonized setting also can overcome the Fierz ambiguity
if the four-fermi terms are dynamically bosonized, see below [201].
The couplings g¯ and ˜¯g from Chapter 4 are recovered for the choice α1 = −g¯2−3g¯4 and α2 = −g¯4
and the definition
g¯ := g¯1 − g¯2 + g¯4, (5.7)
˜¯g := −g¯2 + g¯3 − 3g¯4. (5.8)
By contrast, if we choose α1 = −g¯3 and α2 = −g¯4 the Lagrangian reads
L = ψ¯ai/∂ψa − g¯V
2Nf
(
ψ¯aγµψ
a
)2
+
g¯φ
4Nf
[(
ψ¯aψb
)2 − (ψ¯aγ4ψb)2 − (ψ¯aγ5ψb)2 + (ψ¯aγ45ψb)2] , (5.9)
where we have defined the new couplings
g¯V := −g¯1 + g¯3 − 4g¯4 = ˜¯g − g¯, (5.10)
g¯φ := 2(g¯2 − g¯3 + 3g¯4) = −2˜¯g. (5.11)
The latter form is convenient in order to investigate the competition between the vector (V )2 and
NJL-type (S)2 channel for Nf ≥ 2. For Nf = 1 one might however choose yet another basis [cf.
Eqs. (4.46)–(4.47)],
L = ψ¯i/∂ψ + 2g¯1 − g¯3 + 3g¯4
4
(
ψ¯γµψ
)2
+
2g¯2 − g¯3 + 3g¯4
4
[(
ψ¯ψ
)2 − (ψ¯γ4ψ)2 − (ψ¯γ5ψ)2] . (5.12)
We have seen in Sec. 4.1 that the theory (5.9) can equivalently be described using an irre-
ducible representation by an action consisting of 2Nf flavors of two-component Weyl spinors χ¯, χ
[cf. Eq. (4.11)],
S =
∫
x
χ¯ii/∂χi − g¯V
2Nf
(
χ¯iσµχ
i
)2
+
g¯φ
2Nf
(
χ¯iχj
)2
, i, j = 1, . . . , 2Nf , (5.13)
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where we have introduced the collective indices i, j, running over 2Nf flavors. It is this represen-
tation in which the U(2Nf) symmetry is manifest,
U(2Nf) : χ
i 7→ U ijχj χ¯i 7→ χ¯j (U †)ji , U ∈ U(2Nf). (5.14)
In the following, we use this formulation, allowing us to very conveniently introduce collective
low-energy degrees of freedom.
5.2 Low-energy degrees of freedom
The partition functiona of the theory defined by (5.13),
Z =
∫
Dχ¯Dχ exp(−S), (5.15)
is in fact equivalent to the partition function of the “mesonic” theory of a (2Nf) × (2Nf) scalar
matrix field φij and a vector field Vµ, coupling via a Yukawa-type interaction to the fermions,
Z = N
∫
DχDχ¯DφDV exp
[
−
(
χ¯ii/∂χi +
1
2
m¯2φφ
ijφji +
1
2
m¯2V V
2
µ − h¯V Vµχ¯iσµχi + ih¯φχ¯iφijχj
)]
,
(5.16)
where i, j = 1, . . . , 2Nf . The equivalence can be seen by multiplying Eq. (5.15) with appropriate
Gaußian (Hubbard-Stratonovich) factors,
1 = N
∫
Dφ exp
[
−1
2
(
m¯φφ
ij + i
h¯φ
m¯φ
χ¯jχi
)(
m¯φφ
ji + i
h¯φ
m¯φ
χ¯iχj
)]
, (5.17)
1 = N
∫
DV exp
[
−1
2
(
m¯V Vµ − h¯V
m¯V
χ¯iσµχ
i
)2]
, (5.18)
with some normalization constants N , not affecting any expectation values. The scalar matrix
field is Hermitian, φ† = φ, and the vector field V is real. The four-fermi terms in Eq. (5.15) are
then precisely canceled if the constraints
h¯2φ
2m¯2φ
=
g¯φ
2Nf
,
h¯2V
2m¯2V
=
g¯V
2Nf
, (5.19)
are imposed at the microscopic scale. From Eqs. (5.17)–(5.18) we can read off the properties of
the boson fields under chiral transformations,
U(2Nf) : φ
ij 7→ U ikφkl (U †)lj , Vµ 7→ Vµ, U ∈ U(2Nf). (5.20)
The scalar matrix φ may be decomposed into a traceless part and its trace [202]
Φij := φij − δ
ij
2Nf
Trφ, ϕ := Trφ. (5.21)
aFor simplicity we suppress here the source terms η¯χ− χ¯η.
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The ϕ field is parity odd and can be attributed to the parity breaking channel (P ) ∼ ψ¯aγ45ψa =
χ¯iχi. By contrast, a vacuum expectation value of the traceless part Φ corresponds to the dynamical
breakdown of chiral symmetry,
〈Φij〉 6= 0 ⇔ 〈ψ¯aψa〉 = 〈χ¯aχa − χ¯a+Nfχa+Nf 〉 6= 0, a = 1, . . . , Nf , (5.22)
with the breaking pattern [cf. Eq. (4.21)]
U(2Nf)→ U(Nf)⊗ U(Nf) . (5.23)
We can trade the (2Nf)× (2Nf) Hermitian traceless matrix Φ for its independent components Φα,
Φij =
√
2Φα(tα)
ij, i, j = 1, . . . , 2Nf , α = 1, . . . , (2Nf)
2 − 1, (5.24)
where the tα are the generators of SU(2Nf) in the fundamental representation, normalized so that
Tr(tαtβ) = δαβ/2.
In the one-flavor case Nf = 1 this formulation is equivalent to a partial bosonization of the Fierz
basis in the four-spinor representation (5.12): the Hubbard-Stratonovich transformation leads to
the equivalent Yukawa-type theory with three scalar modes (σ, τ, pi) ∼ (ψ¯ψ, ψ¯γ4ψ, ψ¯γ5ψ) and a
vector mode Vµ ∼ ψ¯γµψ with Lagrangian density
L = ψ¯i/∂ψ + 1
2
m¯2σ(σ
2 + τ 2 + pi2) + ih¯σψ¯ (σ + iγ4τ + iγ5pi)ψ − h¯V Vµψ¯γµψ. (5.25)
From the discussion of the fermionic RG flow in Chap. 4 one would predict that the long-range
dynamics of this system is dominated by the scalar NJL-type channel. For large enough coupling
h¯2σ/m¯
2
σ we thus expect the scalar mode to acquire a nonvanishing vacuum expectation value (VEV),
e.g., in the σ direction, and the spectrum in the broken phase consists of two massless Goldstone
modes, e.g., τ and pi, and a massive radial mode σ. The corresponding critical behavior is an
interesting problem by itself [95]; however, we will in the following focus on the case Nf > 1 where
a true competition between the two channels (V ) and (S) is expected.
In contrast to the purely fermionic formulation of Chap. 4, the bosonized formulation pre-
sented here is well suitable to quantitatively describe the spontaneous breaking of chiral sym-
metry. Loosely speaking, the bosonic fields φij and Vµ parametrize the possible formation of
bound states of the fermionic fields ∼ χ¯iχj and ∼ χ¯aσµχi, respectively. The corresponding critical
phenomena of such a strongly-correlated system require nonperturbative approximation schemes.
The functional renormalization group formulated in terms of the Wetterich equation is such an
appropriate tool and has already shown its quantitative reliability in other (2 + 1)-dimensional
fermion systems, see e.g., [105,106]. In the effective action we then have to take into account also
higher boson-boson interactions, e.g.,(
TrΦ2
)2
= (ΦαΦα)
2 , TrΦ4 =
1
2Nf
(ΦαΦα)
2 + 2dαβdγδΦαΦβΦγΦδ, (5.26)
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where the dαβγ ’s are the structure constants for the group SU(2Nf). For Nf = 1 the dαβγ ’s vanish.
Of course, the clever way of computing the flow equations would be to use this representation
with independent components Φα of the traceless matrix Φ
ij. For Nf > 1 however, this implies
the decomposition of a product of two vertices, each involving two dαβγ ’s, into a sum over single
vertices, each term involving just two dαβγ ’s. Unfortunately, we are not aware of such a decompo-
sition; in what follows, we will therefore stick to the representation (5.16) with scalar matrix field
φij having arbitrary trace. We expand the effective average action Γk in powers of the gradient
and truncate the series after the second order. Moreover, we simplify the discussion by considering
interactions only up to fourth order in the fields. Our ansatz for the effective action then reads
Γk =
∫
x
[
Zχ,kχ¯
ii/∂χi +
Zφ,k
2
∂µφ
ij∂µφ
ji + Uk(φ) +
ZV,k
4
VµνVµν +
A¯V,k
2
(∂µVµ)
2 +
m¯2V,k
2
VµVµ
+
ζ¯k
6
VµVµ∂νVν +
µ¯k
8
(VµVµ)
2 +
ν¯k
4
VµVµφ
ijφji − h¯V,kVµχ¯iγµχi + ih¯φ,kχ¯iφijχj
− g¯V,k
2Nf
(
χ¯iσµχ
i
)2
+
g¯φ,k
2Nf
(
χ¯iχj
)2]
, (5.27)
where Vµν := ∂µVν−∂νVµ and i, j = 1, . . . , 2Nf . Uk(φ) describes an effective potential in the scalar
sector. All couplings in the effective action are understood to be scale-dependent, indicated by the
index k. At a fixed scale, say, at the UV cutoff k = Λ, we can remove the four-fermi interactions
by means of the Hubbard-Stratonovich transformation. This no longer necessarily remains true
below this scale, since typically new four-fermi interactions will be generated by the flow. However,
those can dynamically be reabsorbed into the bosonic sector, if we allow for suitably defined scale-
dependent field transformations and adjust the fermion-boson couplings correspondingly [161]. In
this approach bosonization thus takes place at each renormalization group step instead of just
initially. We will start computing the RG flow in Sec. 5.4 for fixed-field variables. As a next step
we will then incorporate dynamically bosonized fields in Sec. 5.5. For the results presented we
will furthermore omit all momentum-dependent terms in the vector channel, i.e., we will consider
the pointlike limit
ZV,k → 0, A¯V,k → 0, ζ¯k → 0. (5.28)
The beta functions will however be computed for general ZV,k, A¯V,k ≥ 0 (but ζ¯k = 0).
5.3 Scalar mass spectrum
For the effective action being invariant under U(2Nf) rotations, the effective potential Uk(φ)
necessarily has to be a pure function of U(2Nf)-invariant quantities. One can, e.g., diagonalize
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the scalar matrix field by a U(2Nf) rotation [cf. Eq. (5.20)],
φ 7→ UφU † =

m̂1 0 . . . 0
0 m̂2 . . . 0
...
. . .
...
0 0 . . . m̂2Nf
 , (5.29)
with real eigenvalues m̂i. In a quartic approximation Uk(φ) is then parametrized in terms of the
two invariants ρ and τ ,
ρ =
1
2
Trφ2 =
1
2
∑
i
m̂2i , (5.30)
τ =
1
2
Tr
(
1
2
φ2 − ρ
2Nf
)2
=
1
8
∑
i
m̂4i −
1
2
(∑
i m̂i
4Nf
)2
, (5.31)
that is to say, we neglect the dependence on (suitably defined [165]) additional higher order
invariants constructed from τ˜n ∼ Tr(φ2/2 − ρ/2Nf)n for n ≥ 3. We expand the scalar potential
about its k-dependent minimum (ρ0,k, τ0,k). In the symmetric (SYM) regime the potential is
minimal at the origin (ρ0,k, τ0,k) = (0, 0), whereas in the chiral symmetry breaking (χSB) regime
we allow for a nonvanishing VEV which we assume to be acquired along the ρ-direction, i.e.,
ρ0,k > 0 and τ0,k = 0:
Uk(ρ, τ) =
m¯2φ,kρ+
λ¯1,k
2
ρ2 + λ¯2,kτ, SYM regime,
λ¯1,k
2
(ρ− ρ0,k)2 + λ¯2,kτ, χSB regime.
(5.32)
If the potential solely depends on ρ and τ , it is sufficient to evaluate its flow equation in a
two-dimensional subspace of all possible scalar configurations. We consider the traceless class
(φij) =: m̂ diag(,+1, . . . ,+1︸ ︷︷ ︸
Nf−1 times
,−,−1, . . . ,−1︸ ︷︷ ︸
Nf−1 times
) where  ≥ 1, m̂ ∈ R, (5.33)
valid for Nf > 1. In fact, for any ρ and τ with τ/ρ
2 < (Nf − 1)/4Nf we find parameters m̂ and 
according to
m̂2 =
ρ
Nf
(
1−
√
4Nf
Nf − 1
τ
ρ2
)
, 2 = 1 +Nf
 1
1−
√
4Nf
Nf−1
τ
ρ2
− 1
 . (5.34)
If the flow eventually chooses a vacuum configuration with  = 1 and m̂ > 0, the chiral symmetry
is spontaneously broken while parity symmetry remains preserved,
(
φij0
)
=
ρ0
Nf
(
1 0
0 −1
)
6= 0 ⇔ 〈χ¯aχa − χ¯a+Nfχa+Nf 〉 = 〈ψ¯aψa〉 6= 0. (5.35)
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Table 5.1 Spectrum of the scalar mass matrix δ2Uk/δφδφ for Nf > 1. Primes denote partial
derivatives with respect to ρ, U
(n)
k ≡ ∂nUk/∂ρn, and Uk,τ ≡ ∂Uk/∂τ . For m̂ ≡ m̂(ρ, τ) and  ≡ (ρ, τ)
see Eqs. (5.34).
Eigenvalue Degeneracy
U ′k +
m̂2
2
Uk,τ
[
32 − 1 + 1−2
Nf
]
1
U ′k +
m̂2
4Nf
{
4Nf(Nf − 1)U ′′k + (4−Nf)Uk,τ + [4NfU ′′k + (3Nf − 4)Uk,τ ] 2 1 + 1
±
[
(4Nf(Nf − 1)U ′′k + (Nf + 2)Uk,τ )2
+2
(
16Nf
2(Nf − 1)U ′′k 2 − 4Nf(Nf + 2)(3Nf − 2)U ′′kUk,τ
−(3Nf 2 − 4Nf + 4)U2k,τ
)
2 + (4NfU
′′
k + (3Nf − 2)Uk,τ )2 4
]1/2}
U ′k +
m̂2
2
Uk,τ
1−Nf
Nf
(1− 2) 2
U ′k +
m̂2
2
Uk,τ
[
2 ± + 1−2
Nf
]
4(Nf − 1) + 4(Nf − 1)
U ′k +
m̂2
2
Uk,τ
[
2 + 1−
2
Nf
]
2Nf
2 − 4Nf + 1
U ′k +
m̂2
2
Uk,τ
1−2
Nf
2 (Nf − 1)2
For simplicity, we assume in the following that ∂2Uk/∂τ
2 = ∂2Uk/∂ρ∂τ = 0, which holds in the
case of the quartic approximation (5.32). The spectrum of the scalar mass matrix δ2Uk/δφδφ for
Nf > 1 is given in Tab. 5.1.
For a vacuum configuration with  = 1 we have τ0,k = 0. In the SYM regime ρ0,k = 0 all modes
are degenerate and have mass m¯2φ = ∂Uk/∂ρ|(ρ,τ)=(0,0). In the χSB regime with ρ0,k > 0 and
∂Uk/∂ρ|(ρ,τ)=(ρ0,k,0) = 0 we find 2Nf 2 massless scalar modes corresponding exactly to the number
of broken generators in the symmetry breaking pattern
U(2Nf)→ U(Nf)⊗ U(Nf) , (5.36)
in accordance with Goldstone’s theorem. Additionally, we obtain one massive radial mode with
m¯2ρ = 2ρ0,k∂
2Uk/∂ρ
2 and 2Nf
2 − 1 massive modes in τ direction with m¯2τ = (ρ0,k/Nf)∂Uk/∂τ .
5.4 Partially bosonized RG flow
We fix the standard RG invariance of field rescalings by defining the renormalized fields as
φ˜ij := Z
1/2
φ,k φ
ij, χ˜i := Z
1/2
χ,kχ
i, (5.37)
V˜µ := Z
1/2
V,kVµ, ˜¯χ
i := Z
1/2
χ,k χ¯
i. (5.38)
The dimensionless effective potential for space-time dimension d then reads
u(ρ˜, τ˜) := k−dUk(Z
−1
φ,kk
d−2ρ˜, Z−2φ,kk
2(d−2)τ˜), (5.39)
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where ρ˜ := Zφ,kk
2−dρ and τ˜ := Z2φ,kk
2(2−d)τ , and the dimensionless renormalized couplings are
AV,k := Z
−1
V A¯V,k, µ := Z
−2
V,kk
d−4µ¯k, h
2
φ := Z
−1
φ,kZ
−2
ψ,kk
d−4h¯2φ,k, (5.40)
m2V := Z
−1
V,kk
−2m¯2V,k, ν := Z
−1
φ,kZ
−1
V,kk
d−4ν¯k, h
2
V := Z
−1
V,kZ
−2
ψ,kk
d−4h¯2V,k. (5.41)
By evaluating the Wetterich equation (2.21) for a constant field configuration (5.33), we gain the
flow of the dimensionless scalar potential
∂tu = −du+ (d− 2 + ηφ)ρ˜u′ + (2d− 4 + 2ηφ)τ˜u,τ˜ + 2vd
2Nf∑
i=1
`
(B)d
0 (m
2
i ; ηφ)
+ 2vdd `
(B)d
0 (m
2
V + νρ˜; ηV )− 4vddγ
[
(Nf − 1) `(F)d0 (m˜2h2φ; ηψ) + `(F)d0 (m˜22h2φ; ηψ)
]
(5.42)
with u ≡ u(ρ˜, τ˜), u′ ≡ ∂u/∂ρ˜, u,τ˜ ≡ ∂u/∂τ˜ and m˜2 := Zφ,kk2−dm̂2. The dimensionless scalar
masses m2i ≡ m2i (ρ˜, τ˜) are given in Tab. 5.1. We have further defined the anomalous dimensions
ηφ/ψ/V = −∂t lnZφ/ψ/V,k. (5.43)
The threshold functions `
(B/F)
n (ω; η) are listed in App. B. We have again abbreviated v
−1
d =
2d+1pid/2Γ(d/2) = 8pi2 and have introduced the dimensionless RG time t := ln(k/Λ). As discussed
above, we use an irreducible representation of the Dirac algebra and thus the dimension of the
gamma matrices is dγ = 2. By suitable differentiation of Eq. (5.42) we obtain the flow of the
scalar couplings. In the SYM regime,
∂tm
2
φ = ∂tu
′
∣∣∣
(ρ˜,τ˜)=(0,0)
, ∂tλ1 = ∂tu
′′
∣∣∣
(ρ˜,τ˜)=(0,0)
, ∂tλ2 = ∂tu,τ˜
∣∣∣
(ρ˜,τ˜)=(0,0)
, (5.44)
whereas in the χSB regime,
∂tκ = − 1
λ1
∂tu
′
∣∣∣
(ρ˜,τ˜)=(κ,0)
, ∂tλ1 = ∂tu
′′
∣∣∣
(ρ˜,τ˜)=(κ,0)
, ∂tλ2 = ∂tu,τ˜
∣∣∣
(ρ˜,τ˜)=(κ,0)
, (5.45)
with the dimensionless VEV κ := Zφ,kk
2−dρ0,k and u
(n) ≡ ∂nu/∂ρ˜n and u,τ˜ ≡ ∂u/∂τ˜ .
Similarly, the flow equations for all other couplings present in the effective action are straightfor-
wardly obtained by suitable projections of the Wetterich equation (2.21). We have seen in Sec. 2.2
that this amounts to a summation of all possible 1-loop diagrams where the vertices are given by
full (though truncated) average vertex functions and the inner lines correspond to the full average
propagators. While possibly somewhat tedious to evaluate by hand, this procedure can quite
easily be automated. In fact, since recently the very useful Mathematica package DoFun [203] is
available, of which we have tremendously benefitted from when reviewing our calculations.
The beta function for the vector mass reads
∂tm
2
V = (−2 + ηV )m2V − 2vd(d+ 2) `(B)d1 (m2V + νκ; ηV )µ
− 2vd
[
2Nf
2 `
(B)d
1 (u
′; ηφ) +
(
2Nf
2 − 1) `(B)d1 (u′ + κNf u,τ˜ ; ηφ) + `(B)d1 (u′ + 2κu′′; ηφ)] ν
+
8vd(d− 2)dγNf
d
`
(F)d
1 (
κ
Nf
h2φ; ηψ)h
2
V +
16vddγ
d
κ `
(F)d
2 (
κ
Nf
h2φ; ηψ)h
2
φh
2
V , (5.46)
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with the derivatives of the potential u(n) and u,τ˜ being evaluated at the minimum (ρ˜, τ˜) = (κ, 0).
In the symmetric regime we have of course κ = 0. For the vector-vector interaction µ and the
vector-scalar interaction ν we get
∂tµ = (d− 4 + 2ηV )µ
+
2vd(d
2 + 10d+ 12)
d+ 2
`
(B)d
2 (m
2
V + νκ; ηV )µ
2
+ 2vd
[
2Nf
2 `
(B)d
2 (u
′; ηφ) +
(
2Nf
2 − 1) `(B)d2 (u′ + κNf u,τ˜ ; ηφ) + `(B)d2 (u′ + 2κu′′; ηφ)] ν2
+
16vd(d− 2)(4− d)dγNf
d(d+ 2)
`
(F)d
2 (
κ
Nf
h2φ; ηψ)h
4
V +
128vd(4− d)dγ
d(d+ 2)
κ `
(F)d
3 (
κ
Nf
h2φ; ηψ)h
2
φh
4
V
− 384vddγ
d(d+ 2)Nf
κ2 `
(F)d
4 (
κ
Nf
h2φ; ηψ)h
4
φh
4
V , (5.47)
∂tν = (d− 4 + ηφ + ηV )ν + 2(d+ 2)vd `(B)d2 (m2V + νκ; ηV )µν
+ vd
{(
2Nf
2 + 1
Nf
2 u
′′ +
2Nf
2 − 1
2Nf
3 u,τ˜
)[
2Nf
2 `
(B)d
2 (u
′; ηφ) +
(
2Nf
2 − 1) `(B)d2 (u′ + κNf u,τ˜ ; ηφ)
+ `
(B)d
2 (u
′ + 2κu′′; ηφ)
]
+
1
Nf
u,τ˜ `
(B)d
2 (u
′ + κ
Nf
u,τ˜ ; ηφ)
}
ν
+
2vd
Nf
2
[
2Nf
2 `
(BB)d
1,1 (u
′,m2V + νκ; ηφ, ηV ) +
(
2Nf
2 − 1) `(BB)d1,1 (u′ + κNf u,τ˜ ,m2V + νκ; ηφ, ηV )
+ `
(BB)d
1,1 (u
′ + 2κu′′,m2V + νκ; ηφ, ηV )
]
ν2 +
8vd(4− d)dγ
d
`
(F)d
2 (
κ
Nf
h2φ; ηψ)h
2
V h
2
φ
− 96vddγ
dNf
κ `
(F)d
3 (
κ
Nf
h2φ; ηψ)h
2
V h
4
φ −
32vd(4− d)dγ
dNf
2 κ
2 `
(F)d
4 (
κ
Nf
h2φ; ηψ)h
2
V h
6
φ. (5.48)
In the symmetric regime the flow of the Yukawa coupling hφ is unambiguous. In the broken regime
however the diverse scalar modes in general can develop different couplings. We will focus on the
Goldstone-mode coupling to the fermions, which is expected to give the dominant contribution
for aspects of criticality. However, this Goldstone-mode projection may introduce artifacts deeply
in the broken regime, see below. The flow equation reads
∂th
2
φ = (d− 4 + ηφ + 2ηψ)h2φ
+
4vd
Nf
[
`
(FB)d
1,1 (
κ
Nf
h2φ, u
′ + κ
Nf
u,τ˜ ; ηψ, ηφ)− `(FB)d1,1 ( κNf h
2
φ, u
′ + 2κu′′; ηψ, ηφ)
]
h4φ
+
8vd
Nf
2κ
[
2Nf
2u′′ `
(FB)d
1,2 (
κ
Nf
h2φ, u
′; ηψ, ηφ)
+
(
(2Nf
2 − 1)u,τ˜ + 2(Nf − 1)u′′
)
`
(FBB)d
1,1,1 (
κ
Nf
h2φ, u
′, u′ + κ
Nf
u,τ˜ ; ηψ, ηφ)
+ (2u′′ + u,τ˜ ) `
(FBB)d
1,1,1 (
κ
Nf
h2φ, u
′, u′ + 2κu′′; ηψ, ηφ)
]
h4φ
− 8vdd `(FB)d1,1 ( κNf h
2
φ,m
2
V + νκ; ηψ, ηV )h
2
φh
2
V . (5.49)
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For the flow of the fermion-vector coupling we find
∂th
2
V = (d− 4 + ηV + 2ηψ)h2V
− 4vd(d− 2)
dNf
[
2Nf
2 `
(FB)d
1,1 (
κ
Nf
h2φ, u
′; ηψ, ηφ) +
(
2Nf
2 − 1) `(FB)d1,1 ( κNf h2φ, u′ + κNf u,τ˜ ; ηψ, ηφ)
+ `
(FB)d
1,1 (
κ
Nf
h2φ, u
′ + 2κu′′; ηψ, ηφ)
]
h2φh
2
V
− 8vd
dNf
2κ
[
2Nf
2 `
(FB)d
2,1 (
κ
Nf
h2φ, u
′; ηψ, ηφ) +
(
2Nf
2 − 1) `(FB)d2,1 ( κNf h2φ, u′ + κNf u,τ˜ ; ηψ, ηφ)
+ `
(FB)d
2,1 (
κ
Nf
h2φ, u
′ + 2κu′′; ηψ, ηφ)
]
h4φh
2
V
− 8vd(d− 2)
2
d
`
(FB)d
1,1 (
κ
Nf
h2φ,m
2
V + νκ; ηψ, ηV )h
4
V
− 16vd(d− 2)
dNf
κ `
(FB)d
2,1 (
2
n
κh2φ,m
2
V + νκ; ηψ, ηV )h
2
φh
4
V , (5.50)
and the anomalous dimensions read
ηφ =
8vddγ
d
m
(F)d
4 (
κ
Nf
h2φ; ηψ)h
2
φ +
8vddγ
dNf
κm
(F)d
2 (
κ
Nf
h2φ; ηψ)h
4
φ
+
16vd
dNf
2κ
[
Nf
2u′′2 + (Nf − 1)u,τ˜ 2
]
m
(B)d
2,2 (u
′, u′ + 2κu′′; ηφ), (5.51)
ηψ =
4vd
dNf
[
2Nf
2m
(FB)d
1,2 (
κ
Nf
h2φ, u
′; ηψ, ηφ) +
(
2Nf
2 − 1)m(FB)d1,2 ( κNf h2φ, u′ + κNf u,τ˜ ; ηψ, ηφ)
+m
(FB)d
1,2 (
κ
Nf
h2φ, u
′ + 2κu′′; ηψ, ηφ)
]
h2φ − 8vdm(FB)d1,2 ( κNf h
2
φ,m
2
V + νκ; ηψ, ηV )h
2
V , (5.52)
ηV =
16vd(d− 2)dγNf
d
m
(F)d
4 (
κ
Nf
h2φ; ηψ)h
2
V + 16vddγκm
(F)d
2 (
κ
Nf
h2φ; ηψ)h
2
φh
2
V . (5.53)
Within our truncation we find that the flows of the two possible vector-field kinetic terms are in fact
equivalent, i.e., ∂tA¯k = ∂tZV,k. The vector propagator thus is diagonal, G
(V )
µν,k = δµν/(ZV,kp
2+m¯2V,k).
The definitions of the threshold functions `(B/F)d... (. . . ) and m
(B/F)d
... (. . . ) are listed in App. B,
together with their explicit forms for linear and sharp regulator. The flow equations have been
independently verified for the symmetric regime in local potential approximation with the DoFun
package [203].
As is the case in the fermionic formulation, we expect for large enough flavor number Nf the flow
to be dominated by the vector channel. Whether for large coupling the V field then can develop a
finite vacuum expectation value is an interesting question on its own right: e.g., (2+1)-dimensional
models exhibiting spontaneous breaking of Lorentz symmetry have been investigated in [204–208].
By contrast, one could suspect that the vector mass eventually flows to zero, triggering a close
resemblance of the strongly coupled Thirring model for large flavor number to a U(1) gauge theory.
This is in fact the prediction of the large-Nf studies [62,209]. In any case, we are mainly interested
in a possible scalar condensation corresponding to chiral symmetry breaking and thus leave this
issue for future studies. As long as the vector mass m2V does not become too small it is then
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sufficient to consider the pointlike approximation in the vector channel, ZV,k → 0 corresponding
to m2V →∞. Therewith, the beta functions no longer depend on h2V and m2V separately but only
on the ratio gV = Nfh
2
V /m
2
V , reflecting the RG invariance of fields rescalings. In the remaining
flow equations the vector anomalous dimension ηV completely drops out. The flow of Zψ,k given
by Eq. (5.52) is driven by a competition between a positive scalar loop term ∝ h2φ and a negative
vector loop term ∝ h2V . In the pointlike approximation in the vector sectorm2V →∞ and hence the
vector loop term vanishes. For reasons of consistency, we will therefore suppress also the scalar loop
term in Eq. (5.52), i.e., we treat the fermionic sector in the leading-order derivative approximation
ηψ ≡ 0. This is compatible with the observation that the flow of the fermionic wave function
renormalization in 3d fermion systems at criticality is usually very small [103, 105–107, 131, 180].
As we shall see in Sec. 5.5, this assumption is exactly fulfilled for large number of fermion flavors
Nf → ∞, where the fixed-point equations can be solved analytically; in fact, this is the known
result of the 1/Nf expansion [61]. In comparison, the scalar anomalous dimension is nonvanishing
in this limit, and we thus expect the flow of Zφ,k to be crucial also for finite Nf . We note that
also in the chiral scalar-fermion system of Chap. 3 we observed that a nonvanishing ηφ ∼ O(1) is
essential in order to find the correct critical behavior.
In the following, we will omit the vector-vector interaction µ and the vector-scalar interaction
ν for simplicity. In this section, we settle for discussing the UV structure only and compare it
with our previous results in the fermionic language. For a full analysis of the IR properties we
refer to the discussion of the dynamically bosonized RG flow in Sec. 5.5. For the search of a fixed
point, we hence end up with a system of six coupled nonlinear equations for the five couplings
in the SYM regime (m2φ, λ1, λ2, h
2
φ, Nfh
2
V /m
2
V ) and the anomalous dimension ηφ. In the large-Nf
limit the fixed-point structure can be mapped out analytically and we discover precisely the know
structure from Chap. 4: the Thirring universality class is governed by a UV fixed point having one
IR relevant direction with critical exponent Θ = 1. It is located in the pure fermion-vector sector,
i.e., Nfh
∗2
φ /m
∗2
φ = 0 and Nfh
∗2
V /m
∗2
V > 0. Moreover, the fixed-point position exactly coincides with
the Thirring fixed point in the fermionic RG of Chap. 4,
Nf
h∗2φ
m∗2φ
= −2g˜∗ = 0, Nf h
∗2
V
m∗2V
= g˜∗ − g∗ = 3pi
2
2 `
(F)
1 (0)
, Nf →∞. (5.54)
For finiteNf we discover deviations from the fermionic fixed-point structure, see Fig. 5.1. Besides
the Thirring fixed point with one RG relevant direction we find two other interacting fixed points
with two or more relevant directions. For Nf < 4 they are located in the pure fermion-scalar sector
h2V /m
2
V = 0 and the pure fermion-vector sector h
2
φ/m
2
φ = 0, respectively. Since ∂th
2
φ ∝ O(h2φ) and
∂th
2
V ∝ O(h2V ) both sectors are in fact invariant under RG transformations. The Thirring fixed
point, which for Nf < 4 is located in the “full” theory h
2
φ/m
2
φ > 0 and h
2
V /m
2
V > 0, hits the fixed
point in the fermion-vector sector once Nf → 4. The fixed-point position as a function of Nf is
therefore nonanalytic at Nf = 4. For Nf > 4 the Thirring fixed-point stays in the fermion-vector
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Figure 5.1 Left: nonuniversal UV fixed-point values for the bosonic (black) and fermionic RG flow
(gray, cf. Chap. 4) for the optimized regulator. In the bosonic language already for Nf ≥ 4 the fixed
point is located in the pure fermion-vector sector, while in the fermionic language this is the case
only for large Nf . Fermionic and bosonic descriptions coincide for Nf → ∞. Right: largest critical
exponent Θ1 and subleading exponent Θ2 (inset).
subspace h2φ/m
2
φ = 0, coinciding with the fermionic-RG fixed point for Nf → ∞. In Fig. 5.1 we
have plotted the critical exponents for the RG relevant (Θ1) and the RG irrelevant direction (Θ2),
showing good agreement in the former case while in the latter case, in particular for small Nf ,
large deviations occur.
To summarize: Despite quantitative disagreements, we find a consistent qualitative behavior.
For small Nf ∼ O(1) the flow is dominated by a strong fermion-scalar coupling Nfh2φ/m2φ ∼ −2g˜,
whereas for large Nf  1 the scalar sector decouples and only the fermion-vector interactions
Nfh
2
V /m
2
V ∼ −g matter. We want to emphasize the fact that fixed-point positions itself are in
general nonuniversal quantities. It can nevertheless be shown that the bosonic flow in the pointlike
limit Zφ,k → 0 boils down to the fermionic flow with fully equivalent fixed-point structure, if one
takes newly generated four-fermi interactions into account [201]. By contrast, here we bosonized
only at the fixed scale k = Λ and the deviations between bosonic and fermionic flows are in part
related to that shortcoming. On the other hand, the formulation developed here allows for a
specific momentum dependence in the 4-fermi couplings ∼ h¯2φ,k/(Zφ,kp2 + m¯2φ,k). Once the scalar
mass becomes small, e.g., before the flow eventually enters the χSB regime, a purely pointlike
description is insufficient and only the bosonic language yields reliable results. We will bring
together the advantages of both approaches in the following section 5.5 by dynamically bosonizing
the four-fermi interaction at each scale k ≤ Λ.
5.5 Dynamically bosonized RG flow
Although the bosonic partition function (5.16) is fully equivalent to the original fermion theory
(5.13), the corresponding leading-order truncations of the effective action are not. The reason is
that the four-fermi couplings, though absent in the bare action, are again generated by the box
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Figure 5.2 Box diagrams contributing to the flow of gφ and gV . Solid lines are fermions, dashed
lines are scalar fields, and wiggly lines vector fields. Doubled inner lines denote full propagators
Gk = (Γ
(2)
k,0 +Rk)
−1.
diagrams displayed in Fig. 5.2. However, an inclusion of g¯φ,k and g¯V,k in the truncation (5.27) does
not seem very appealing. On the one hand, the flow equations would be of considerable higher
complexity; on the other hand we would have to deal with the redundancy corresponding to the
Hubbard-Stratonovich transformation. Instead, we will follow the approach proposed in [161].
The idea is to perform a Hubbard-Stratonovich transformation at each RG step, such that all
newly generated 4-fermi interactions are again bosonized. The bosonic fields then necessarily
become scale dependent. As we shall see in the following, the four-fermi couplings g¯φ,k and g¯V,k
then in fact vanish at all scales, if we use the following field redefinitions
φijk−dk = φ
ij
k − i(χ¯jχi)δωφ,k, ∂kφijk = i(χ¯jχi)∂kωφ,k, φΛ ≡ φ, (5.55)
Vµ,k−dk = Vµ,k + (χ¯
iσµχ
i)δωV,k, ∂kVµ,k = −(χ¯iσµχi)∂kωV,k, VΛ ≡ V, (5.56)
with to be determined functions ωφ/V,k. Note that we keep the fermion fields fixed. For scale-
dependent bosonic fields the flow equation for the effective average action is modified,
∂kΓk[φk, Vk] = ∂kΓk[φk, Vk, χ]
∣∣
φk,Vk
+
∫
δΓk[φk, Vk]
δφijk
∂kφ
ij
k +
∫
δΓk[φk, Vk]
δVµ,k
∂kVµ,k (5.57)
=
1
2
STr
∂kRk
Γ
(2)
k [φk, Vk] +Rk
+ i
∫
δΓk[φk, Vk]
δφijk
(χ¯jχi)∂kωφ,k
−
∫
δΓk[φk, Vk]
δVµ,k
(χ¯iσµχ
i)∂kωV,k, (5.58)
where the first term is evaluated for fixed fields and hence leads to the standard flow of Γk with
φΛ and VΛ replaced by φk and Vk, respectively [161]. We suppressed the dependence of Γk on
the fermion fields χ¯ and χ for simplicity. Projecting onto the boson couplings we find the beta
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functions
∂tu = ∂tu
∣∣
φk,Vk
, ∂tm
2
V = ∂tm
2
V
∣∣
φk,Vk
, ∂th
2
φ = ∂th
2
φ
∣∣
φk,Vk
+ u′∂tωφ,k, (5.59)
∂tµ
2 = ∂tµ
2
∣∣
φk,Vk
, ∂tν
2 = ∂tν
2
∣∣
φk,Vk
, ∂th
2
V = ∂th
2
V
∣∣
φk,Vk
+m2V ∂tωV,k, (5.60)
i.e., the scale-dependent bosonization changes only the flow of h2φ and h
2
V and leaves the other
beta functions in the bosonic sector invariant. For the four-fermi couplings we obtain
∂tgφ = ∂tgφ
∣∣
φk,Vk
− hφ∂tωφ,k, ∂tgV = ∂tgV
∣∣
φk,Vk
− hV ∂tωV,k. (5.61)
Choosing
∂tωφ,k ≡
βgφ
hφ
, ∂tωV,k ≡ βgV
hV
, where βgφ := ∂tgφ
∣∣
φk,Vk
, βgV := ∂tgV
∣∣
φk,Vk
, (5.62)
establishes that gV,k and gφ,k vanish at all scales, if absent at the UV scale k = Λ. The beta
functions βgφ and βgV are straightforwardly obtained by suitable projections of the box diagrams
in Fig. 5.2,
βgφ/V = 4vda
(1)
φ/V
[
2Nf
2 `
(FB)d
1,2 (
κ
Nf
h2φ, u
′; ηψ, ηφ) +
(
2Nf
2 − 1) `(FB)d1,2 ( κNf h2φ, u′ + κNf u,τ˜ ; ηψ, ηφ)
+ `
(FB)d
1,2 (
κ
Nf
h2φ, u
′ + 2κu′′; ηψ, ηφ)
]
h4φ + 4vda
(2)
φ/V `
(FB)d
1,2 (
κ
Nf
h2φ,m
2
V + νκ; ηψ, ηV )h
4
V ,
+ 4vda
(3)
φ/V
[
2Nf
2 `
(FBB)d
1,1,1 (
κ
Nf
h2φ, u
′,m2V ; ηψ, ηφ)
+
(
2Nf
2 − 1) `(FBB)d1,1,1 ( κNf h2φ, u′ + κNf u,τ˜ ,m2V ; ηψ, ηφ)
+ `
(FBB)d
1,1,1 (
κ
Nf
h2φ, u
′ + 2κu′′,m2V ; ηψ, ηφ)
]
h2φh
2
V (5.63)
with to be determined (possibly Nf-dependent) constants a
(i)
φ/V . In the χSB regime the fermions
couple also to the expectation value κ and there are more terms ∼ κ `(FB)d2,2 (κh2φ/Nf , . . . )h4φ/V h2φ.
They are suppressed for small κ 1 and bounded from above for large κ 1 since κ `(FB)d2,2 (. . . ) ∼
κ/(1 + κhφ/Nf) · `(FB)d1,2 (. . . ) and we therefore expect that they change the flow only slightly. For
simplicity, we will omit them in the following. Instead of evaluating the diagrams in Fig. 5.2
explicitly, we can determine the a
(i)
φ/V by taking advantage of the fact [161,201] that the dynamically
bosonized flow in the pointlike limit ZV,k → 0 and Zφ,k → 0 exactly coincides with the fermionic
flow computed in Chap. 4,
∂t
(
Nf
h2φ
m2φ
)
≡ −2∂tg˜
∣∣
φk,Vk
, ∂t
(
Nf
h2V
m2V
)
≡ ∂t(g˜ − g)
∣∣
φk,Vk
. (5.64)
Therewith, the a
(i)
φ/V are uniquely fixed. This also establishes an exact mapping of the fermionic
fixed-point structure computed in Chap. 4 onto the bosonized language in the pointlike limit.
Beyond the pointlike approximation, the bosonized RG permits to reliably run toward and into
the χSB regime, allowing us to predict the desired IR values of, for instance, fermion mass or
order parameter as a function of Nf .
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In the limit of infinite flavor number Nf → ∞, the flow equations simplify considerably. For the
dynamically bosonized flow in the symmetric regime we have
∂t
(
m2φ
Nf
2
)
= (−2 + ηφ)
(
m2φ
Nf
2
)
, (5.65)
∂tm
2
V = (−2 + ηV )m2V +
2
3pi2
`
(F)
1 (0; ηψ)
(
Nfh
2
V
)
, (5.66)
∂t (Nfλ1) = (−1 + 2ηφ) (Nfλ1)− 1
pi2
`
(F)
2 (0; ηψ)h
4
φ, (5.67)
∂tλ2 = (−1 + 2ηφ)λ2 − 2
pi2
`
(F)
2 (0; ηψ)h
4
φ, (5.68)
∂t (Nfµ) = (−1 + 2ηV ) (Nfµ) + 4
15pi2
`
(F)
2 (0; ηψ)
(
Nfh
2
V
)2
, (5.69)
∂t (Nfν) = (−1 + ηφ + ηV ) (Nfν) + 2
3pi2
`
(F)
2 (0; ηψ)
(
Nfh
2
V
)
h2φ, (5.70)
∂th
2
φ = (−1 + ηφ + 2ηψ)h2φ −
4
pi2
(
m2φ
Nf
2
)
`
(FB)
1,2 (0,m
2
V ; ηψ, ηV )
(
Nfh
2
V
)2
, (5.71)
∂t
(
Nfh
2
V
)
= (−1 + ηV + 2ηψ)
(
Nfh
2
V
)
, (5.72)
ηφ =
2
3pi2
m
(F)
4 (0; ηψ)h
2
φ, (5.73)
ηV =
4
3pi2
m
(F)
4 (0; ηψ)
(
Nfh
2
V
)
, (5.74)
ηψ = 0, (5.75)
where we have multiplied the flow equations with suitable factors of Nf in order to simplify the
large-Nf counting of orders. Hence, in this limit the fermion wave function renormalization does
not flow, ηψ = −∂t lnZψ,k ≡ 0, whereas the flow of the bosonic wave function renormalizations
is nonzero. Let us search for fixed points: assuming a fixed-point value m∗2φ 6= 0 we obtain from
Eq. (5.65) for the scalar anomalous dimension at the fixed point η∗φ = 2, and Eq. (5.72) gives for
an interacting fixed point with h∗2V 6= 0 for the vector anomalous dimension η∗V = 1. In fact, this
is the known large-Nf result [61]. With these values of the anomalous dimensions, the full set of
fixed-point values can be computed analytically, see Tab. 5.2. At this point, it may be worthwhile
to make a few comments.
For taking the limit Nf →∞ we have implicitly assumed a specific Nf-scaling of the couplings,
defining the respective ’t Hooft coupling. This may be justified retrospectively: since all couplings
have finite (in particular nonzero) fixed-point values the large-Nf limit is well-defined. For the
original four-fermion couplings gφ = Nfh
2
φ/m
2
φ and gV = Nfh
2
V /m
2
V this implies the large-Nf scaling
gφ = O(1/Nf) and gV = O(1), already known from the fermionic flow, cf. Eq. (4.45). In fact, the
fixed-point positions of gφ and gV for the dynamically bosonized flow in the large-Nf limit and
fermionic flow exactly coincide, provided the same cutoff is employed. We note, however, that the
equivalence in general does not hold for the flow beyond the fixed-point regime, since kinetic terms
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Figure 5.3 Left: nonuniversal UV fixed-point values of dynamically bosonized RG flow for the
optimized regulator. The couplings have been multiplied with suitable Nf factors; for better visibility,
the scalar mass has been multiplied with an additional factor 50. Right: Comparison of dynamically
bosonized RG (black) with fermionic RG (gray).
of the bosonic fields are generated during the flow according to their finite anomalous dimensions.
For instance, the large anomalous dimension η∗φ = 2 indicates a rapid generation of the scalar
kinetic term.
Consider the second contribution to the beta function of the scalar-fermion coupling h2φ in
Eq. (5.71), being proportional to m2φ. This is exactly the contribution from the diagrams in
Fig. 5.2, i.e., the large-Nf reminiscence of the scale-dependent Hubbard-Stratonovich transforma-
tion. Without this contribution, the large-Nf fixed-point equations cannot be solved with finite
couplings. In other words, dynamical bosonization is crucial to find the correct large-Nf behavior
in the scalar sector. We have already seen an indication for this in Sec. 5.4, where the scalar sector
completely decoupled for Nf ≥ 4.
For the given set of integer anomalous dimensions, the large-Nf fixed-point values for the vector-
vector coupling µ and the vector-scalar coupling ν are in fact negative. We attribute this to the
fact that we neglected the momentum-dependent contribution ∝ ζ¯k in Eq. (5.27) as well as higher
order terms in the effective potential. In any case, in the large-Nf limit µ and ν do not feed back
into the flow of the remaining couplings. For consistency, we again evaluate in what follows the
flow equations for a pointlike current-current interaction, ZV,k → 0, and neglect the vector-vector
selfinteractions µ and vector-scalar interactions ν, analogous to Sec. 5.4. This is expected to be a
reasonable approximation as long as the vector mass m2V does not become too small.
Beyond the large-Nf limit, we evaluate the fixed-point equations numerically, both for the
optimized and sharp cutoff. Again, we recover the known UV structure: there is one interacting
Thirring fixed point for all 1 < Nf ≤ ∞, having only one IR relevant direction. [Recall that
the case Nf = 1 has been explicitly excluded in the derivation of our bosonic flow equations,
cf. Eq. (5.33).] For small Nf it is located close to the pure scalar channel subspace, whereas for
Nf →∞ the scalar-fermion coupling becomes negligible. The fixed-point position in this limit in
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Table 5.2 Left: nonuniversal fixed-point couplings for optimized regulator and various flavor num-
bers Nf . Right: universal quantities: correlation length exponent ν, subleading exponent ω, and
anomalous dimension ηφ. Rough error estimates by comparison to sharp cutoff results. For Nf & 6
we do not expect chiral symmetry breaking due to vector channel domination, indicated by the gray
font of the corresponding critical exponents; see Sec. 5.7.
Nf m
2
φ/Nf
2 Nfλ1 λ2 h
∗2
φ Nfh
∗2
V /m
∗2
V ν ω η
∗
φ
2 0.132 5.85 24.68 15.96 1.99 2.36(?) 1.02(21) 1.35(66)
3 0.265 16.94 39.84 19.36 6.11 1.215(22) 1.49(21) 1.64(26)
4 0.271 20.95 44.45 20.61 8.83 1.0839(52) 1.65(12) 1.74(17)
5 0.266 22.70 46.55 21.41 10.83 1.0428(78) 1.744(72) 1.81(11)
6 0.259 23.56 47.70 21.95 12.35 1.0255(63) 1.797(41) 1.853(83)
8 0.247 24.34 48.86 22.59 14.44 1.0118(33) 1.837(15) 1.907(45)
10 0.238 24.68 49.42 22.93 15.79 1.0066(17) 1.790(35) 1.936(27)
12 0.231 24.85 49.73 23.14 16.74 1.0041(9) 1.715(43) 1.954(17)
25 0.209 25.16 50.33 23.54 19.39 1.0006(1) 1.423(1) 1.988(2)
100 0.187 25.26 50.52 23.68 21.45 1.0000(1) 1.126(1) 1.999(1)
∞ 8
45
64pi2
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128pi2
25
12pi2
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9pi2
4
1 1 2
fact exactly coincides with the fermionic fixed point. For small Nf we find deviations from the
fermionic UV structure. They are fully related to the fact that in the bosonized flow we allow for
a possible momentum dependence in the scalar channel, which is in particular important once the
scalar coupling becomes long range, i.e., if m¯2φ is small. In other words, the bosons dynamically
become fluctuating relevant degrees of freedom. We depicted the fixed-point positions for the
optimized regulator in Fig. 5.3, together with the corresponding values for the fermionic flow
compiled from Chap. 4 for comparison. Explicit values are given in Tab. 5.2. If (for instance, if
Nf small) the fixed point corresponds to a (for instance, chiral symmetry breaking) second-order
phase transition, the critical behavior is uniquely determined by the fixed-point regime, where the
flow can be linearized. The scaling of the correlation length in the vicinity of the critical point is
ξ = m¯−1φ,R ∝ |δg|−ν (1 + b±|δg|ων + . . . ) , (5.76)
with δg := gΛ − gcr measuring the distance from criticality (“reduced temperature”) and the
renormalized scalar mass m¯2φ,R = limk→0m
2
φk
2. By again denoting the smallest eigenvalue (being
negative) of the stability matrix ∂βi/∂gj|g∗ with −Θ1 < 0 and the second smallest eigenvalue
(being positive) with −Θ2 > 0 we have
ν = 1/Θ1 > 0, and ω = −Θ2 > 0, (5.77)
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Figure 5.4 Left: correlation length exponent ν, extracted from the linearized flow in the fixed-
point regime with optimized regulator (solid) and sharp regulator (dashed). The difference (gray
shaded) serves as rough error estimate. The critical exponent is to a large extent independent of the
regulator, while the uncertainty increases for Nf ↘ 2, as shown in the inset. For increasing Nf it
approaches rapidly the fermionic result 1/Θ1 = 1. Right: corrections-to-scaling exponent ω.
see Sec. 2.3. At the critical point δg = 0, where the correlation length diverges, the asymptotic
behavior of the scalar two-point function is determined by the anomalous dimension η∗φ = ηφ(g
∗)
as
〈ϕ(x)ϕ(0)〉 ∝ 1|x|d−2+η∗φ . (5.78)
The critical exponents extracted from the flow in the fixed-point regime are shown in Figs. 5.4
and 5.5. We expect the values obtained with the optimized regulator to be our most accurate
ones and use the difference to the sharp-cutoff results as a rough estimate on the truncation-
induced error, cf. Sec. 2.2. We find that the correlation-length exponent is to a large extent
regulator-independent, ∆ν/ν . 1 . . . 2% for Nf > 2. As expected, slightly larger deviations
between optimized and sharp cutoff occur for the anomalous dimension and the corrections-to-
scaling exponent, ∆ηφ/ηφ,∆ω/ω . 10 . . . 15%. Explicit values are again given in Tab. 5.2. This
hierarchy of accuracy is well-known from RG studies of scalar models based on the derivative
expansion [89,171].
5.7 IR behavior and Nf-controlled quantum phase transition
If we start the flow for small Nf with initial UV couplings close to the fixed point, we find that the
scalar mass eventually vanishes at some scale k∗, indicating the spontaneous breakdown of chiral
symmetry. In the following, we will refer to k∗ as “χSB scale”. Continuing the flow for k < k∗ in
the χSB regime the fermions become massive with renormalized mass m¯2R,f = Nf
−1κh2k2 and the
scalar sector consists of one radial mode with renormalized mass m¯2R,ρ = 2κλ1k
2, 2Nf
2−1 massive
modes with m¯2R,τ = Nf
−1κλ2k
2, and 2Nf
2 massless Goldstone modes. In the broken regime with
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Figure 5.6 RG evolution of renormalized masses
in χSB regime for k < k∗ and Nf = 2. We stop
the flow when the radial mass m¯2R,ρ approaches its
maximum (vertical line).
a finite VEV κ the various scalar modes can in principle acquire different couplings during the
flow. For instance, we would expect that the Goldstone modes eventually decouple in the deep IR,
such that the flow freezes out, i.e., it is only given by the dimensional contributions in the beta
functions. However, our ansatz (5.32) does not take this into account, but rather assumes the
same coupling between massive and massless modes among themselves and massive modes to the
VEV. In fact, we find that the dimensionless parameters run into an attractive IR fixed point, such
that the dimensionful masses run into a maximum and eventually decrease again for small k  k∗,
see Fig. 5.6. This effect is a well-known drawback of our polynomial expansion of the effective
potential and has been attempted to circumvent by an adapted choice of coordinates [210]. Since
we are mainly interested in the qualitative features of the theory, we simply stop the flow when
it enters the IR fixed-point regime, indicated by a maximum of the masses. For our quantitative
results, we use the maximum of the radial mass m¯2R,ρ; however, our results to a large extent do
not depend on this choice. We note that the critical behavior in terms of the exponents ν and
η∗φ remains, of course, unaffected by this, since it is solely determined by the UV structure of the
theory.
Once the physical scale has been set, for instance, by measuring the value of the radial mass
m¯2R,ρ, we can compare the dynamically generated masses among different Nf . As a function of Nf ,
we show in Fig. 5.7 the renormalized fermion mass m¯2R,f and scalar mass m¯
2
R,τ in units of the radial
mass m¯2R,ρ. For increasing flavor number we observe that both m¯
2
R,f and m¯
2
R,τ decrease (apart from
some interesting nonmonotonic behavior of the fermion mass for Nf ∼ 3) and eventually vanish
for some critical flavor number Nf ↗ N crf . Directly at Nf = N crf we find that the vector-fermion
coupling Nfh
2
V /m
2
V diverges at the same time as the scalar mass m
2
φ,k approaches zero, i.e., at
the χSB scale k∗. We expect that this divergence is an artifact of our truncation which will be
stabilized by higher terms in the vector sector [for instance, the terms ∝ µ¯k, ν¯k, ζ¯k in Eq. (5.27)].
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Figure 5.7 Logarithmic plot of dynamically generated fermion mass m¯2R,f (left) and scalar mass
m¯2R,τ (right) in units of the radial mass m¯
2
R,ρ. Gray shaded area: estimates for critical flavor number
N crf ' 5.1 (optimized cutoff) and 5.8 (sharp cutoff).
Here, we interpret the divergence as an indication for a “vector-boson-dominance” in the IR,
inhibiting χSB. If the divergence was real, the model would exhibit dynamical Lorentz symmetry
breaking [204–208]. For larger Nf > N
cr
f we observe the divergence already at higher scales k > k
∗,
inhibiting the flow to enter the χSB regime. The value of N crf can thus be computed in two ways:
on the one hand, coming from small flavor number, we observe a sharp decrease of the logarithm
of the fermion mass once Nf ↗ N crf . On the other hand, we look for the largest Nf below which
the vector-fermion coupling h2V /m
2
V remains finite for all scales in the interval k ∈ [k∗,Λ]. For the
optimized cutoff we find N crf ' 5.07 with the former method and N crf ' 5.1 with the latter. For
the sharp cutoff our truncation unfortunately does not allow to enter the χSB regime: we find
λ1,k∗ < 0 at the χSB scale, indicating the requirement of higher terms in the polynomial expansion
of the effective potential (5.32). We interpret this observation in the sense of optimization: for
a nonoptimized regulator (as is the sharp cutoff) compared to optimized flows a higher order of
the expansion is needed to achieve similar predictive power. Nonetheless, also in the sharp-cutoff
scheme, we can determine the flavor number above which the vector-fermion coupling diverges
before mφ,k → 0. There, we find N crf ' 5.8. Identifying the cutoff dependence with a rough error
estimate yields our result for the critical flavor number
N crf ' 5.1(7). (5.79)
In the fermionic RG, we have shown that the “pure” Thirring model, defined by a microscopic
action including only current-current interaction, is in the universality class defined by the inter-
acting Thirring fixed point with one IR relevant coupling. Of course, this statement ultimately
only holds for our specific regularization scheme, since fixed point positions itself are nonuniver-
sal. In the bosonized formulation developed here we can check the universality class of the “pure”
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“pure” Thirring model with initially decou-
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Thirring model by starting the flow with initial couplings
Z−1φ ∝ m2φ,Λ  1, λi,Λ  1 (i = 1, 2), h2φ,Λ  1, (5.80)
i.e., with a decoupled scalar sector. In our explicit computations we use Zφ,Λ = 10
−6, mφ,Λ = 10
6,
λi,Λ = 0, h
2
φ,Λ = 0. However, universality guarantees that our results are independent of the exact
values for the initial couplings, a fact which we have also explicitly verified. Fig. 5.8 shows for
Nf = 2 the RG evolution of the dimensionless couplings for two different initial values of the vector-
fermion coupling gV = Nfh
2
V /m
2
V just above and below the critical value gcr. Though we start
with a decoupled scalar sector, the scalar couplings are again generated by the RG flow, as already
known from the purely fermionic RG. Furthermore, we find for initial couplings close to criticality
that the flow runs into the fixed-point regime, which is exactly given by the Thirring fixed-point
couplings in Tab. 5.2, cf. Fig. 5.8. Thus, the critical behavior of a conventionally defined “pure”
Thirring model without scalar channel in the bare action is indeed given by the universality class
of our Thirring fixed point. For completeness, we show in Fig. 5.9 the critical coupling gcr for
which the flow approaches the Thirring fixed point as a function of Nf , to be compared with
previous results in Fig. 4.5. Again, we do not find a sharp decrease of 1/gcr as Nf ↗ N crf , since
the critical flavor number does not occur because of a change in the UV structure, but rather due
to a competition between the vector and scalar channel. Since the Thirring fixed point is present
for all Nf , we can still determine a “would-be” critical coupling gcr even for Nf > N
cr
f (dashed line
in Fig. 5.9). In other words, the critical coupling (for any Nf) is given by the intersection point of
the separatrix with the Thirring axis, cf. Fig. 4.3.
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Figure 5.10 Critical behavior of “pure” Thirring model with Nf = 2: order parameter 〈ϕ〉 ∝ |δg|β
(left) and inverse susceptibility χ−1 = m¯2ρ ∝ |δg|γ (right) on log-log plot, showing the expected power
law. The slope of the regression line (gray dashed) is β = 2.769 and γ = 1.553, respectively. Left
inset: for very large coupling on the pure Thirring axis the order parameter decreases again, see
Sec. 5.8.
In order to establish the connection between the negative eigenvalues of the stability matrix ΘI
and the critical exponents in Eq. (5.77) we have assumed that the propagator has a scaling form,
from which one infers the hyperscaling relations (see Sec. 2.3)
β =
ν
2
(d− 2 + η∗φ), γ = ν(2− η∗φ). (5.81)
The hyperscaling assumption can in fact explicitly be verified by computing directly the critical
behavior of the order parameter 〈ϕ〉 ∝ |δg|β, inverse susceptibility (unrenormalized mass) χ−1 =
m¯2ρ ∝ |δg|γ, and inverse correlation length (renormalized mass) ξ−1 = m¯R,ρ ∝ |δg|ν . As a function
of the distance to criticality, we indeed find that the expected linear behavior on a log-log plot
is excellently fulfilled; see Fig. 5.10 for the case of the “pure” Thirring model (initially decoupled
scalar sector) and Nf = 2. The slopes of the regression lines for initial couplings on the pure
Thirring axis are (for Nf = 2)
β = 2.769, γ = 1.553, ν = 2.364, (5.82)
whereas if we start the flow at the Thirring fixed point, we obtain
β = 2.771, γ = 1.539, ν = 2.361. (5.83)
The values should be compared with the critical exponents obtained from the linearized flow in
the Thirring fixed-point regime (see Tab. 5.2), together with the hyperscaling assumption:
ν
2
(d− 2 + ηφ) = 2.771, ν (2− ηφ) = 1.539, ν = 2.360, (5.84)
in excellent agreement with Eqs. (5.83). However, hyperscaling is to a large extent also fulfilled
for the conventionally defined “pure” Thirring model, cf. Eqs. (5.82) with (5.84). We attribute the
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small (but significant) deviations for the latter to the presence of other fixed points: in particular
the critical behavior could be influenced by fixed point B (in the nomenclature of Chap. 4), which
(at least in the pointlike limit, see Fig. 4.3) is located in the broader vicinity of the pure Thirring
axis and potentially describes a different universality class. We will further elaborate on this
aspect in the following section, see also Fig. 5.12.
5.8 Comparison with previous studies
Let us compare our results with those previously obtained by means of other analytical or nu-
merical methods. In the large-Nf expansion, renormalizability of the “pure” 3d Thirring model
with only current-current interaction ∝ gV (ψ¯γµψ)2 (i.e., without scalar channel) has been shown
to hold if and only if a regularization scheme is employed in which the vector field propagator re-
mains purely transverse on the quantum level, defining an interacting UV fixed point [60–63,211].
In Ref. [61] it is found to leading order in 1/Nf (in terms of our notation)
∂tgV = gV
(
1− gV
g∗V
)
, ηV =
gV
g∗V
, ηψ = O(1/Nf), (5.85)
which is exactly the large-Nf behavior of our flow equations (5.65)–(5.75): if the fixed point
corresponds to a second-order phase transition, the corresponding correlation-length exponent is
ν = 1/Θ = 1 where Θ = −∂β/∂gV |g∗V and the vector field anomalous dimension is ηV (g∗V ) = 1.
However, we should be cautious: Yang [211] claims that the partially bosonized Thirring model
is equivalent to (a gauge-fixed version of) a U(1) gauge theory, in which the mass of the vector
boson is generated by the Higgs mechanism. Insisting on the gauge symmetry, it is therewith
argued that the coupling gV cannot be renormalized. Consequently, the beta function is vanishing
for any value of gV and there is no fixed point condition [62,69].
The formulation of the Thirring model as a gauge theory is at the basis of the analytical
studies [63–66], which attempt to solve the Dyson-Schwinger equations (DSE) by setting the full
vector propagator to its large-Nf form, and the full vertex to the bare vertex (known as ladder
approximation). All such studies claim the existence of a nontrivial solution corresponding to
chiral symmetry breaking for small values of Nf < N
cr
f . However, their predictions for the value
of N crf and the critical behavior of fermion mass and chiral order parameter differ significantly:
Ref. [63] reports N crf ' 3.24. Hong and Park [64] claim that symmetry breaking should persist for
any value of Nf , i.e., N
cr
f =∞. In Ref. [65] an essentially singular behavior close to N crf ' 4.32 is
found,
m¯R,f ∝ Λ exp
(
− 2pi√
N crf /Nf − 1
)
, for Nf < N
cr
f , (5.86)
that is to say, a phase transition of infinite order. Such an essential scaling law has been found
in a number of gauge theories, such as quenched QED4 [74, 212, 213] and QED3 with Nf fermion
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flavors [47–49,56,59], as well as many-flavor QCD4 [74–78,85–87]. In this context, the scaling law
is often referred to as Miransky scaling; the scenario has also been termed (pseudo-)conformal
phase transition [74]. Essential scaling has also been found in two-dimensional statistical systems,
such as the XY model, where the scenario is called Kosterlitz-Thouless phase transition [214–217].
As has been pointed out recently [218], the general mechanism being responsible for essential
scaling is the merger of two RG fixed points and their subsequent disappearance into the complex
plane, or a running off of a fixed point to zero or infinite coupling. By contrast, we find that the
UV Thirring fixed point persists for any Nf , with no hint of essential scaling.
By constructing an effective potential for the chiral order parameter 〈ϕ〉, up to the leading order
of 1/Nf expansion, Kondo [67] reports a second-order phase transition,
〈ϕ〉 ∝
(
N crf
Nf
− 1
)b
, for Nf < N
cr
f , (5.87)
where for d = 3 the critical exponent is given by b = 1 and N crf = 2. We have been motivated
by these consideration to attempt a fit to our results for order parameter and fermion mass. In
Fig. 5.11, we depict 〈ϕ〉/m¯R,ρ versus the combination (N crf /Nf) − 1 in a log-log plot. In fact,
the behavior is very well compatible with a power-law scaling corresponding to a second-order
phase transition at N crf . However, the linear fit (gray line) gives b = 0.44 in qualitative, but not
quantitative agreement with the Kondo scenario [67]. We note that for a quantum phase transition
at N crf occurring due to competing condensation channels, the corresponding critical exponents
not necessarily have to coincide with those determining the phase transition with the coupling as
control parameter. In particular, we do not expect that β|Ncr
f
and b coincide. In any case, a fit
to an essential scaling behavior analogous to (5.86) both for order parameter and fermion mass is
much less successful and is not supported by our results.
Chiral symmetry breaking in the “pure” 3d Thirring model has also been investigated on the
lattice [68–73]. One extensive study [72] finds N crf = 6.6(1), the bare value of which we consider
as still consistent with our result, see below. Moreover, the study also attempts to predict the
critical behavior close to the phase transition, both for fixed Nf < N
cr
f as a function of the bare
coupling g and for fixed g > gcr as a function of Nf . In the latter case, the data is fitted to an
equation of state of the form
m = A
[
(Nf −N crf ) + CL−
1
ν
]
〈ψ¯ψ〉p +B〈ψ¯ψ〉δ, (5.88)
with m being the bare fermion mass (explicit symmetry-breaking parameter), L the linear extent
of the system, and A, B, C some constants. Close to criticality in the chiral (m → 0) and
thermodynamic (L → ∞) limit, Eq. (5.88) in fact reduces to the Kondo-formula (5.87) upon
identification of b ≡ 1/(δ − p) and 〈ϕ〉 ∝ 〈ψ¯ψ〉. It is interesting to notice that the fit reported
in [72] yields 1/(δ − p) = 0.37, which could be considered as roughly compatible with our result
b = 0.44.
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Figure 5.12 Critical exponents δ and ν
for a theory defined at the fixed point B
(nomenclature of Chap. 4) with more than
one RG relevant direction; to be compared
with Fig. 5 of Ref. [72].
However, striking discrepancies occur, when one compares the critical behavior for fixed Nf <
N crf with the bare coupling as control parameter. In particular, in the sequence of studies [69–72] it
is found that the exponent δ lies between δ ≈ 2.8 (Nf = 2) and δ ≈ 5.8 (Nf = 6), i.e., most notably,
δ increases withNf . The result forNf = 2 has been confirmed in a particular interesting very recent
work [73], where the same lattice action has been employed directly in the massless-fermion limit
with manifest U(1)⊗U(1) chiral symmetry. The resulting anomalous dimension reads ηφ = 0.65(1),
which (under the hyperscaling assumption) is equivalent to δ = (5 − ηφ)/(1 + ηφ) = 2.64(2). By
contrast, we find (cf. Tab. 5.2) δ ≈ 1.5 (Nf = 2) and δ ≈ 1.1 (Nf = 6), that is to say, δ decreases
with Nf and the values lie well below the lattice predictions
b .
The lattice simulations build on a microscopic definition of the Thirring model which is fixed by a
bare action including only the Thirring-like current-current interaction. It is therefore a priori not
necessarily clear, whether the critical behavior in the lattice models is in fact given by the Thirring
fixed point, cf. our discussion in Sec. 4.5. Our analysis in the preceding section 5.6 supports this
(cf. Fig. 5.8); nonetheless, since fixed-point positions are scheme-dependent, our results may not
be directly transferable to the lattice theory. In particular, we have seen in Chap. 4, that a
microscopic formulation, being fixed on the Thirring axis, could, for instance, be influenced by the
fixed point B (in the nomenclature of Chap. 4), which has more than one RG relevant direction.
In order to get a glimpse of how such a situation could change the corresponding critical behavior
we compute in the dynamically bosonized formulation the critical exponents associated with fixed
bAs a side remark we note that the DSE studies [65, 66] point to δ = 2 (Nf < N
cr
f ) and δ = 1 (Nf = N
cr
f ).
(This fact has been argued in Ref. [72].) While it is appealing to conclude consistency with our findings at
the Thirring fixed point (at least to some extent), we refrain from doing so, since the nature of the transition
reported in the these studies substantially differs from ours; see Eq. (5.86) above.
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point B. We emphasize however that a theory defined at B in any case cannot be fixed by just one
bare parameter. Naively using the hyperscaling relationc δ(B) = [5 − ηφ(B)]/[1 + ηφ(B)] we can
relate the critical exponent δ(B) to the anomalous dimension ηφ(B) at B, see Fig. 5.12. The values
for δ(B) lie well above those for the Thirring fixed point. Most notably, δ(B) in fact now increases
with Nf , in qualitative (but not quantitative) consistency with the behavior shown in Fig. 5
of [72]. For comparison, we also depict the correlation length exponent ν = 1/Θ1, associated with
the largest negative eigenvalue of the stability matrix, i.e., the strongest RG relevant direction. It
should be interesting to further elucidate whether this scenario could account for the discrepancy
between our findings at the Thirring fixed point and the lattice results.
However, we would like to propose yet another way out of this contradiction: the exact same
lattice action employed in the studies quoted above has also been used in simulations of the
chiral U(1) ⊗ U(1) Gross-Neveu (GN) model in three dimensions [97], yielding ν = 0.88(8) and
ηφ = 0.46(11), probably consistent with the lattice Thirring results ν = 0.85(1), ηφ = 0.65(1) [73]
and ν = 0.71(4), ηφ = 0.60(2) [69] for Nf = 2. In fact, the symmetry breaking pattern of the
lattice Thirring model is [70]
U(Nstagg)⊗ U(Nstagg)→ U(Nstagg), (5.89)
where Nstagg is the number of staggered fermion flavors and the number of continuum four-
component fermions is Nf = 2Nstagg [110]. It is an open question whether the breaking pattern of
the continuum Thirring model,
U(2Nf)→ U(Nf)⊗ U(Nf), (5.90)
is restored in the continuum limit of the lattice Thirring model; see [69,70] for a discussion. This
scenario could be checked by a careful analysis of the low-energy spectrum in the broken phase: the
number of Goldstone modes for the breaking pattern (5.89) would be N2stagg = Nf
2/4, whereas for
(5.90) one expects 2Nf
2 massless modes. Unfortunately, we do not know of any such study so far. If
the continuum Thirring pattern (5.90) is not restored in the simulations, then the lattice Thirring
result could possibly describe the chiral GN universality class with breaking pattern (5.89). We
have been motivated by these consideration to compare the lattice results also to our findings for
the chiral GN model considered in Chap. 3. There, we have found, for instance, δχGN = 2.58(9)
for the left-right symmetric U(1) ⊗ U(1) model; see Tab. 3.2. Interestingly enough, we observe
that our chiral GN findings are in fact well consistent with the general trend reported for the
lattice Thirring model, e.g., δ = 2.75(9) for Nstagg = 1 [69]. [We note however that Nstagg = 1
corresponds to two four-component continuum flavors, whereas our U(1)⊗U(1) model in Chap. 3
is defined with solely one four-component fermion.] In Refs. [70, 97] the question has been raised
whether for Nf = 2 the distinction between chiral GN and Thirring model might be unimportant
cOf course, hyperscaling may not hold at a fixed point with two relevant directions.
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and both models might actually coincide. In such a scenario the fixed point pertaining to the χSB
phase transition would incidentally lie in a U(4)-symmetric IR attractive subspace of the theory
space. While certainly possible, we know of no argument supporting such a conjecture; it is also
not favored by our results for chiral GN and Thirring model.
In order to clarify these uncertainties, it would be very interesting to simulate the Thirring model
in a formulation in which either the restoration of the U(2Nf) symmetry can be explicitly verified
in the continuum limit or in which it is manifest. In the two-component fermion formulation
developed in this chapter the latter option might be pursued using standard methods (e.g., Wilson
fermions [219]), since in this formulation there is no notion of chirality and the U(2Nf) is just a
flavor symmetry. Alternatively, in the four-component language, one could employ more advanced
chiral-fermion techniques, such as domain-wall [220–222] or overlap [223] fermions, both of which
are explicitly chiral symmetric and deserve to be studied on their own rights due to their relevance
to lattice QCD4.
We would finally like to comment on the unorthodox behavior of the chiral condensate far from
the critical point, as reported in the lattice study [72]. There, it has been found that 〈ψ¯ψ〉 decreases
again for large (current-current) coupling gV . The corresponding peak position at gV = gV,max is
independent of both lattice volume and bare fermion mass, indicating that its origin is at the UV
scale. The effect has then been attributed to the fact that the vector propagator in the lattice
regularization violates the transversity condition, the latter being crucial to the renormalizability of
the 1/Nf expansion. The impact of the extra divergence can however be absorbed by a coupling
renormalization g′V = gV (1 − gV /gV,lim)−1, such that the strong coupling limit is recovered at
gV = gV,lim. gV, lim is thereupon identified with the peak position gV,max. By contrast, the present
work suggests that the 3d Thirring model can in fact be renormalized nonperturbatively without
insisting on a transverse vector propagator, if one allows for a microscopic definition in the two-
dimensional coupling plane spanned, for instance, by the couplings gV and gφ. [In fact, within
our truncation we find that the flow of transverse and longitudinal parts of the vector propagator
coincide.] If this remains robust beyond our approximation, it could provide a natural explanation
for the nonmonotonic behavior of the condensate as a function of gV : Since the numerical value
of any IR observable (in units of a fixed UV cutoff Λ) is first and foremost given by “duration” of
RG time t = ln(k/Λ) before the flow freezes out or enters the IR fixed point regime, it could well
be that for a theory defined on the pure Thirring axis with bare gφ = 0 an IR quantity decreases
again for large gV far from criticality. Loosely speaking, just because we start the flow with a
large current-current interaction does not mean we are closer to the χSB regime. In order to check
the possible substance of these considerations we computed the order parameter for different bare
couplings gV on the Thirring axis and initially decoupled scalar sector, showing indeed a maximum
far from criticality gV  gcr and a subsequent decrease; see inset of Fig. 5.10.
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5.9 Conclusions
In this chapter, we enhanced the results of the purely fermionic RG by including composite bosonic
degress of freedom in the context of the Hubbard-Stratonovich transformation. In particular, we
included a NJL-type scalar matrix field φab and a Thirring-type massive vector field Vµ. There-
with, we analyzed both UV structure and IR behavior of the theory in the usual formulation with
fixed fields as well as for dynamically bosonized fields, that is to say, by applying a scale-dependent
Hubbard-Stratonovich transformation. Both formulations show the existence of a Thirring fixed
point with one RG relevant direction. For small Nf it is located close to the scalar-channel sub-
space, while it approaches the vector-channel subspace (the pure Thirring axis) for increasing Nf .
All this is well compatible with our previous findings in the purely fermionic description. For
quantitative reliability however, we have shown that it proves necessary to employ the adapted
RG flow in the dynamically bosonized setting, which overcomes the Fierz ambiguity. We there-
with confirmed previous results from DSE studies and Monte-Carlo simulations indicating that
chiral symmetry breaking, corresponding to a condensation in the scalar channel, occurs for large
enough coupling if the number of fermion flavors Nf is smaller than a critical value N
cr
f , while
it is shown to be absent for Nf > N
cr
f , independently of the coupling. The results, obtained for
different regularization schemes, estimate N crf ' 5.1(7), while the dependence on the regulator has
been taken as a rough indication for the error induced by our truncation. Since all previous studies
we know of rely on a microscopic definition of the 3d Thirring model with pure current-current
(Thirring-like) interaction, the mechanism behind the quantum phase transition at N crf has so far
been rather unclear. The present work has shown for the first time that the critical flavor number
may occur due to a competition between different condensation channels: the NJL-type scalar
channel on the one hand, dominating for small Nf and triggering χSB, and the Thirring-type
vector channel on the other hand, dominating for large Nf and prohibiting χSB.
Admittedly, our approximation with pointlike vector channel does not allow a reliable prediction
of the IR properties of the system for Nf & N
cr
f , since for small vector massm
2
V . O(1) momentum
dependent terms ∝ ZV,k, A¯V,k, ζ¯k in the effective action (5.27) are expected to become important.
In this sense, one may view the estimate obtained within our truncation as a lower bound for
the true critical flavor number N crf . Thus, we consider our findings for N
cr
f to be well compatible
with the lattice results [72]. In any case however, it would be very interesting to see in how far
the inclusion of momentum dependent terms in the vector sector would modify the IR flow of the
large-Nf theory. This is in particular true for the term ∝ ζ¯kVµVµ∂νVν , which has no analogue in
scalar field theories and thus could lead to a qualitatively different IR behavior as compared to the
latter. Furthermore, at this point we also cannot exclude with certainty that this term does not
change the UV structure of our theory in the large-Nf limit. This deserves further investigation.
The RG approach is per constructionem particularly useful for predicting the critical phenomena
associated with a given universality class. We have computed the critical behavior for fixed
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Nf < N
cr
f as a function of the bare coupling in terms of the exponents ν, ηφ, β, and γ both for
a microscopic definition of the model at the Thirring fixed point as well as on the pure Thirring
axis. For Nf = 2, we have checked the hyperscaling assumption and have shown that it is well
fulfilled for both definitions of the model. We also explicitly verified that both models for any
Nf are in fact in the same universality class; albeit, this statement ultimately only holds for our
specific regularization scheme. Strictly speaking, the model starting on the pure Thirring axis is
not itself a UV complete quantum field theory. We can, however, think of it as belonging to an
RG trajectory (line of constant physics) that emanates from fixed point B and thus has a definite
UV completion. For the theory defined at the Thirring fixed point, we have also computed the
corrections-to-scaling exponent ω.
Close to the quantum critical point Nf ↗ N crf , we have discussed the scaling behavior as a
function of Nf (for fixed couplings above their critical values). We have found no indication of
essential scaling. As a drawback, the deep IR behavior of our flow equations is strongly affected
by the Goldstone-mode fluctuations. We expect that this IR dominance is in fact an artifact of
our approximation, since our ansatz does not allow for different flows of the various scalar-mode
couplings in the χSB regime. This issue was circumvented by stopping the flow as soon as the IR
fixed-point regime is reached. Therewith, we have computed the dynamically generated fermion
mass m¯2R,f and the τ -mode mass m¯
2
R,τ in units of the radial mass m¯
2
R,ρ. Though in principle (for
fixed radial mass) universal, the explicit values of our IR quantities should not be taken too literally,
since their systematic uncertainty introduced by our truncation with uniform scalar-coupling flow
in the χSB regime remains undetermined at present. In fact, this important question arises in
any three-dimensional system with spontaneously broken continuous symmetry; it deserves an
own study in a possibly simpler system. By contrast however, the critical behavior for Nf < N
cr
f
as a function of the bare coupling is solely determined by the UV structure of the theory and
thus remains unaffected by this issue. More than our IR predictions, we therefore consider our
results for the correlation-length exponent ν to be well reliable on the percent level, whereas the
predictions for anomalous dimension ηφ and corrections-to-scaling exponent ω might be somewhat
less accurate.
87

6 Summary
In this work, we have investigated three-dimensional relativistic fermion systems from the per-
spective of the renormalization group (RG). We have classified these systems with respect to
their symmetry and have focussed in particular on the chiral Gross-Neveu (GN) model and the
Thirring model with UL(NL)⊗UR(NR) and U(2Nf) symmetry, respectively. While perturbatively
nonrenormalizable, we have shown that these models can indeed be defined nonperturbatively,
exhibiting the same amount of universality as any perturbatively renormalizable field theory.
We have generalized the 3d chiral GN model by allowing for a different number of left- and right-
handed fermion flavors, reminiscent of the Higgs-Yukawa sector of the particle-physics’ standard
model (where NL = 2 and NR = 1). By means of the functional RG in terms of the Wetterich
equation, we have been able to identify a non-Gaußian fixed point for any NL ∈ [1,∞] with
NR = 1, corresponding to a second-order chiral phase transition. We have provided quantitative
predictions for the critical behavior in terms of the universal critical exponents ν, ηφ, ηψ, and
ω. Our results support the conjecture that in the NL → ∞ limit our UL(NL) ⊗ UR(1) is in the
universality class of the purely bosonic O(2NL) model, in which case the critical exponents are
known to very high accuracy. For NL = 1, our model coincides with the usual one-flavor chiral GN
model. In this sense, for intermediate NL our models “interpolate” between the purely bosonic
O(2NL) model and the purely fermionic GN model with continuous chiral symmetry. Beyond
these two limits, our models define new universality classes, the critical behavior of which has
previously been unknown. In general, fluctuating chiral fermions in strongly-correlated systems
embody a challenging problem, which so far has been lacking a simpler benchmark example where
nonperturbative methods can be tested and optimized. The universality classes defined by our
models could fill this gap. For the functional RG, very refined techniques are available for the
purely bosonic models [89, 90, 153, 171]; our models, which always allow a cross check on the
O(2NL) results, could possibly be used to apply these expertise to fermion systems.
Within a simple truncation of the effective action in terms of solely fermionic degrees of freedom,
we have obtained a unified picture of the class of maximally symmetric 3d fermion systems,
exhibiting U(2Nf) chiral and a set of discrete symmetries. The Thirring and the NJL model in
three dimensions are of this type and we have shown that both are in fact in the same universality
class, governed by the same interacting fixed point. We have also identified another interacting
fixed point, governing the discrete symmetry breaking of the 3d GN model in the irreducible
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representation. While exhibiting the same explicit symmetry, Thirring and GN model at criticality
therefore define distinct universality classes. Our findings support the previous results that the
chiral symmetry in both the Thirring and the NJL model may be spontaneously broken at small
number of fermion flavors and is preserved above a critical flavor numberN crf for arbitrary coupling.
However, while so far the mechanism for the quantum phase transition at N crf has been rather
unknown, we have for the first time provided a possible microscopic explanation: for small Nf ,
the system is dominated by the NJL-type scalar interaction, triggering chiral symmetry breaking;
for large Nf , the Thirring-type vector interaction governs the flow, prohibiting chiral symmetry
breaking.
In order to further elaborate on this scenario, we have advanced our truncation by allowing for
composite bosonic degrees of freedom by means of the bosonization technique. For a quantitatively
reliable investigation of the competition between the different condensation channels, we have
shown that it is necessary to employ a formulation which does not suffer from the Fierz ambiguity.
We have done this by performing the Hubbard-Stratonovich transformation at each RG step in
terms of dynamical bosonization. As a function of Nf for fixed over-critical coupling, we have
found a phase transition at a critical flavor number N crf ' 5.1(7), which is governed by the IR
dynamics of the system. By contrast, the phase transition as a function of the bare coupling for
fixed Nf < N
cr
f is determined by the RG flow in the UV regime. The respective critical phenomena
of the two transitions are therefore completely unrelated. For the latter, our RG approach allows
to yield very precise predictions; we have computed in detail the values of the universal critical
exponents ν, ηφ, and ω as a function of Nf . We have explicitly shown that the critical behavior of
the model defined with pure Thirring-like coupling is in fact governed by our Thirring fixed point.
For Nf = 2, we have (independently of our results on ν and ηφ) also computed the exponents β and
γ, showing consistency with the hyperscaling relations below the percent level. In comparison to
our UV results, our predictions for the chiral phase transition for fixed coupling with Nf as control
parameter may be slightly more affected by the systematic errors; nevertheless, our findings clearly
advocate a scenario with the transition at N crf being of second order.
Whereas most [63, 65–72] (but not all [64]) of the previous studies agree at least on the very
existence of a critical flavor number at order N crf ∼ O(2 . . . 7), the nature of the phase transition
has so far been a substantially delicate issue. Based on our detailed predictions, in particular in
terms of the universal exponents ν and ηφ for the transition at fixed Nf < N
cr
f , we believe that it
may now be possible to resolve the discrepancies in the literature. For that purpose, we propose
an independent investigation of the critical behavior of the 3d Thirring model, for instance, by
means of a Monte Carlo simulation with a lattice action exhibiting manifest U(2Nf) symmetry.
To conclude, we suggest that we cannot presume to say that we understand chiral symmetry
breaking in the complicated 4d non-Abelian gauge theories with fermions, if we do not even
understand flavor symmetry breaking in the putatively simple 3d fermion systems [202].
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Appendix A
Fierz identities
Let (γA, γB) := Tr(γAγB) define an inner product on the space of 4 × 4 Dirac matrices. The 16
matrices {γA} in Eq. (4.22) are orthogonal with respect to this product,
Tr(γAγB) = 4δAB, (A.1)
and thus define a complete basis of the 4×4 Dirac matrices (which generically have 16 independent
matrix elements),
16∑
A=1
1
4
(γA)m`(γA)ik = δmkδi`. (A.2)
The Fierz identities are straightforwardly obtained by multiplying the completeness relation (A.2)
by each of the four-fermi terms ψ¯am(γAψ
b)kψ¯
c
i (γAψ
d)` and, where appropriate, decomposing mul-
tiple products of Dirac matrices into basis elements γA. We find
(
ψ¯aγAψ
b
) (
ψ¯cγAψ
d
)
=
16∑
B=1
CAB
(
ψ¯aγBψ
d
) (
ψ¯cγBψ
b
)
(A.3)
with
(CAB) =
1
4

−1 −1 −1 −1 −1 −1 −1 −1
−3 1 3 1 −1 −1 −3 3
−1 1 −1 −1 1 −1 1 1
−3 1 −3 1 1 1 −3 −3
−3 −1 3 1 1 −1 3 −3
−3 −1 −3 1 −1 1 3 3
−1 −1 1 −1 1 1 −1 1
−1 1 1 −1 −1 1 1 −1

(A.4)
and (γA) = (14, γµ, γ4, γµν , iγµγ4, iγµγ5, γ45, γ5). With these preliminaries one can simply read off
the Fierz relations (4.27) between the invariant four-fermi interactions in Eqs. (4.24), (4.25) and
(4.26).
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Everything is much simpler in the irreducible two-component representation as outlined in
Sec. 4.1. Here, the completeness relation is given by
3∑
A=0
1
2
(σA)m`(σA)ik = δmkδi`, (A.5)
where we have used the fact that the standard Pauli matrices {σµ}µ=1,2,3 together with the unit
matrix σ0 ≡ 12 define a complete basis of the 2×2 Dirac matrices. Therewith, the Fierz identities
read
(
χ¯aσAχ
b
) (
χ¯cσAχ
d
)
=
3∑
B=0
CAB
(
χ¯aσBχ
d
) (
χ¯cσBχ
b
)
(A.6)
with σA = (1, σµ) and
(CAB) =
1
2
(
−1 −1
−3 1
)
, (A.7)
in consistency with Eqs. (A.4) and (4.27).
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Computation of loop integrals
The regulator functions Rk are often written in terms of dimensionless shape functions rk via
Rφ,k(q) = Zφ,kq
2rφ,k(q
2), Rψ,k(q) = −Zψ,k/qrψ,k(q2), (B.1)
with collective bosonic and fermionic fields φ = (φab, Vµ, . . . ) and ψ = (ψ
a, . . . ), respectively. The
linear cutoff, which satisfies an optimization criterion [141], reads
roptφ,k(q
2) =
(
k2
q2
− 1
)
Θ(k2 − q2), roptψ,k(q2) =
(√
k2
q2
− 1
)
Θ(k2 − q2). (B.2)
The sharp cutoff is defined as the a→∞ limit of the class of regulators given by
rscφ,k(q
2) = a
(
k2
q2
− 1
)
Θ(k2 − q2), rscψ,k(q2) =
(√
a
(
k2
q2
− a− 1
a
)
− 1
)
Θ(k2 − q2), (B.3)
where we demand for definiteness that the sharp-cutoff limit a → ∞ is to be taken after the
integration over the internal momentum q, i.e., after the substitution into the threshold func-
tions [144].
The one-loop structure of the Wetterich equation guarantees that the flow equations can always
be written in terms of single integrals—the threshold functions, which encode the details of the
regularization scheme. Their definitions are
`
(B/F)d
0 (ω; ηφ/ψ) =
1
2
k−d ∂˜t
∫ ∞
0
dx x
d
2
−1 log
[
Pφ/ψ(x) + ωk
2
]
, (B.4)
`(B/F)dn (ω; ηφ/ψ) =
(−1)n
(n− 1)!∂
n
ω`
(B/F)d
0 (ω; ηφ/ψ)
= −1
2
k2n−d ∂˜t
∫ ∞
0
dx x
d
2
−1
[
Pφ/ψ(x) + ωk
2
]−n
, (B.5)
`(BB)dn1,n2 (ω1, ω2; ηφ, ηV ) = −
1
2
k2(n1+n2)−d ∂˜t
∫ ∞
0
dx x
d
2
−1
[
Pφ(x) + ω1k
2
]−n1 [PV (x) + ω2k2]−n2 ,
(B.6)
`(FB)dn1,n2 (ω1, ω2; ηψ, ηφ) = −
1
2
k2(n1+n2)−d ∂˜t
∫ ∞
0
dx x
d
2
−1
[
Pψ(x) + ω1k
2
]−n1 [Pφ(x) + ω2k2]−n2 ,
(B.7)
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`(FBB)dn1,n2,n3(ω1, ω2, ω3; ηψ, ηφ) = −
1
2
k2(n1+n2+n3)−d ∂˜t
∫ ∞
0
dx x
d
2
−1
[
Pψ(x) + ω1k
2
]−n1
× [Pφ(x) + ω2k2]−n2 [Pφ(x) + ω3k2]−n3 , (B.8)
m
(B)d
2,2 (ω1, ω2; ηφ) = −
1
2
k6−d ∂˜t
∫ ∞
0
dx x
d
2
[
∂x
1
Pφ(x) + ω1k2
] [
∂x
1
Pφ(x) + ω2k2
]
, (B.9)
m
(F)d
2 (ω; ηψ) = −
1
2
k6−d ∂˜t
∫ ∞
0
dx x
d
2
[
∂x
1
Pψ(x) + ωk2
]2
, (B.10)
m
(F)d
4 (ω; ηψ) = −
1
2
k4−d ∂˜t
∫ ∞
0
dx x
d
2
+1
[
∂x
1 + rψ(x)
Pψ(x) + ωk2
]2
, (B.11)
m
(FB)d
1,2 (ω1, ω2; ηψ, ηφ/V ) =
1
2
k4−d ∂˜t
∫ ∞
0
dx x
d
2
1 + rψ(x)
Pψ(x) + ω1k2
∂x
1
Pφ/V (x) + ω2k2
, (B.12)
with ni ∈ N and where we have suppressed the scale index k for the sake of simplicity. Moreover,
we have abbreviated the (inverse) regularized propagator parts by
Pφ(x) := x [1 + rφ(x)] , Pψ(x) := x [1 + rψ(x)]
2 . (B.13)
For the integrations, we have substituted q2 7→ x, that is to say∫
ddq
(2pi)d
= 4vd
∫
dq qd−1 = 2vd
∫
dx x
d
2
−1 with vd :=
1
4
Vol(Sd−1)
(2pi)d
= [2d+1pid/2Γ(d/2)]−1.
(B.14)
∂˜t is defined to act only on the regulator’s t-dependence,
∂˜t :=
∑
Φ=φ,V,ψ
∫
dx′
∂t [ZΦrΦ(x
′)]
ZΦ
δ
δrΦ(x′)
(B.15)
=
∫
dx′x′
{
∂t [Zφrφ(x
′)]
Zφ
δ
δPφ(x′)
+
∂t [ZV rφ(x
′)]
ZV
δ
δPV (x′)
+2 [1 + rψ(x
′)]
∂t [Zψrψ(x
′)]
Zψ
δ
δPψ(x′)
}
. (B.16)
Both the linear and sharp regulators have the very convenient feature that all loop integrals can
be performed explicitly. For the linear cutoff the results are
`
(B)d
0 (ω; ηφ) =
2
d
(
1− ηφ
d+ 2
)
1
1 + ω
, (B.17)
`(B)dn (ω; ηφ) =
2
d
(
1− ηφ
d+ 2
)
n
(1 + ω)n+1
, (B.18)
`
(F)d
0 (ω; ηψ) =
2
d
(
1− ηψ
d+ 1
)
1
1 + ω
, (B.19)
`(F)dn (ω; ηψ) =
2
d
(
1− ηψ
d+ 1
)
n
(1 + ω)n+1
, (B.20)
`(BB)dn1,n2 (ω1, ω2; ηφ, ηV ) =
2
d
[(
1− ηφ
d+ 2
)
n1
1 + ω1
+
(
1− ηV
d+ 2
)
n2
1 + ω2
]
1
(1 + ω1)n1(1 + ω2)n2
,
(B.21)
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`(FB)dn1,n2 (ω1, ω2; ηψ, ηφ) =
2
d
[(
1− ηψ
d+ 1
)
n1
1 + ω1
+
(
1− ηφ
d+ 2
)
n2
1 + ω2
]
1
(1 + ω1)n1(1 + ω2)n2
,
(B.22)
`(FBB)dn1,n2,n3(ω1, ω2, ω3; ηψ, ηφ) =
2
d
[(
1− ηψ
d+ 1
)
n1
1 + ω1
+
(
1− ηφ
d+ 2
)(
n2
1 + ω2
+
n3
1 + ω3
)]
× 1
(1 + ω1)n1(1 + ω2)n2(1 + ω3)n3
, (B.23)
m
(B)d
2,2 (ω1, ω2; ηφ) =
1
(1 + ω1)2(1 + ω2)2
, (B.24)
m
(F)d
2 (ω; ηψ) =
1
(1 + ω)4
, (B.25)
m
(F)d
4 (ω; ηψ) =
1
(1 + ω)4
+
1− ηψ
d− 2
1
(1 + ω)3
−
(
1− ηψ
2d− 4 +
1
4
)
1
(1 + ω)2
, (B.26)
m
(FB)d
1,2 (ω1, ω2; ηψ, ηφ/V ) =
(
1− ηφ/V
d+ 1
)
1
(1 + ω1)(1 + ω2)2
. (B.27)
For the sharp cutoff we find
`
(B/F)d
0 (ω; ηφ/ψ) = − log(1 + ω) + `(B/F)d0 (0; ηφ/ψ), (B.28)
`(B/F)dn (ω; ηφ/ψ) =
1
(1 + ω)n
, (B.29)
`(BB)dn1,n2 (ω1, ω2; ηφ, ηV ) =
1
(1 + ω1)n1(1 + ω2)n2
, (B.30)
`(FB)dn1,n2 (ω1, ω2; ηψ, ηφ/V ) =
1
(1 + ω1)n1(1 + ω2)n2
, (B.31)
`(FBB)dn1,n2,n3(ω1, ω2, ω3; ηψ, ηφ) =
1
(1 + ω1)n1(1 + ω2)n2(1 + ω3)n3
, (B.32)
m
(B)d
2,2 (ω1, ω2; ηφ) =
1
(1 + ω1)2(1 + ω2)2
, (B.33)
m
(F)d
2 (ω; ηψ) =
1
(1 + ω)4
, (B.34)
m
(F)d
4 (ω; ηψ) =
1
(1 + ω)4
, (B.35)
m
(FB)d
1,2 (ω1, ω2; ηψ, ηφ) =
1
(1 + ω1)(1 + ω2)2
. (B.36)
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Zusammenfassung
In der vorliegenden Arbeit werden kritische Pha¨nomene in (2+1)-dimensionalen relativistischen
Fermiontheorien untersucht. Diese Systeme modellieren einerseits das Niederenergieverhalten von
neuartigen zweidimensionalen Festko¨rpern; daru¨ber hinaus zeigen sie andererseits eine derart
reichhaltige Phasenstruktur, welche an sich bereits lohnenswert zu erforschen ist. Oft ko¨nnen
Effekte, die in komplizierteren Feldtheorien auftreten, bis zu einem gewissen Grad auf solche
niederdimensionalen Modelle abgebildet werden. Mithilfe von quantitativen Vergleichen in den
Modellen ko¨nnen quantenfeldtheoretische Methoden getestet und verfeinert werden. In fru¨heren
Studien hat sich allerdings herausgestellt, dass diese Systeme sehr viel schwieriger zu handhaben
sind als urspru¨nglich gedacht: In QED3 und dem Thirring-Modell wird erwartet, dass chirale
Symmetriebrechung oberhalb einer kritischen Fermionzahl N crf verboten ist; die erhaltenen Werte
fu¨r N crf und noch mehr die Vorhersagen fu¨r das Wesen des Phasenu¨bergangs unterscheiden sich
aber ganz erheblich.
In dieser Arbeit wird das Thirring-Modell sowie eine Variante des chiralen Gross-Neveu-Modells
mithilfe der funktionalen Renormierungsgruppe (RG) untersucht. Dabei handelt es sich um
einen analytischen Zugang zu stark wechselwirkenden Systemen, mit dessen Hilfe in der Ver-
gangenheit a¨ußerst pra¨zise Vorhersagen fu¨r kritische Exponenten in vergleichbaren Systemen
getroffen werden konnten. Fu¨r das chirale Gross-Neveu-Modell werden die kritischen Exponen-
ten ν, ηφ und ω berechnet, wobei eine unterschiedliche Anzahl von links- und rechtsha¨ndigen
Fermionen erlaubt wird – in diesem Sinne ko¨nnen diese Systeme als Spielzeugmodelle fu¨r den
Higgs-Yukawa-Sektor im Standardmodell der Elementarteilchenphysik angesehen werden. Die
RG Analyse im Thirring-Modell basiert auf einer vollsta¨ndigen Basis von fermionischen 4-Punkt-
Funktionen. Es wird gezeigt, dass das UV vollsta¨ndige (asymptotisch sichere) Thirring-Modell
in einer zweidimensionalen Kopplungsebene liegt, welche nur im Limes großer Fermionzahl mit
der konventionellen Thirring-Kopplung zusammenfa¨llt. Dies erlaubt erstmalig ein mikroskopi-
sches Versta¨ndnis des Quantenphasenu¨bergangs bei N crf : Demnach wird chirale Symmetriebre-
chung fu¨r große Nf aufgrund von konkurrierenden Ordnungsparametern verhindert. Basierend
auf der fermionischen Analyse werden schließlich mithilfe von dynamischer Bosonisierung detail-
lierte quantitative Vorhersagen fu¨r das kritische Verhalten in Form der universellen Exponenten
ν, ηφ, β, γ und ω gemacht.
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